'naBa 3. MaTemaTuyeckoe mogenmpoBaHue

HeJINHENHbIX OOBLEKTOB U NpPOoLeccoB

1. MaTtemaTnyeckue Moaenu npoueccosB
HesIMHeMHOU TensIoNnpPoBOAHOCTU U FOPeHns

1. KpaeBbie 3agauu ans KBa3snnMHEeMnHoro ypaBHeHUA

TennonpoBoaoHOCTHU
PaCCMOTpVIM KBa3uJIMHEMNHoe ypaBHEeHUe TennonpoBoaoHOCTMU.

ou ou ou
co—=—(k(u)—) (1)
ot  ox OX
NMapabonuyeckoe ypaBHeHue (1) c KoadhduumeHToM K(u),

yaoBneTsopsiowmum ycnosuio K(0)=0, HasbiBaeTcs BbIpOXaaroLMMCH.



ABTOMOENbHbIMU pelleHUAMU ypaBHeHus (1) Mbl 6yaem HasbiBaTb Takue ero
YacTHble pelleHus chneuumanbHOro BuAa, KOTOpble MOryT ObiTb MNOMy4YeHbl
nyTeM WHTErpupoBaHUs HEKOTOPbIX OObLIKHOBEHHbIX AuddepeHLnanbHbIX

YyPaBHEHUN, aprymMeHTbl UCKOMbIX (PYHKUMWA KOTOpPbLIX NpeAcTaBnsloT coboun
KOMOWHaLMIO He3aBUCUMbIX NepeMeHHbIX X U {.

Hangem aBTOMOpenbHoe pelweHue ypaBHeHus (1) ypoBneTBopswoLlee

YRR u(o,t)=u,, u(x,0)=u, (2)
nycr =7 ux,)=0(Fr)=0(). (3)
C[(k(9) 0 =-2cpe0’, £, (4)
0(0)=u,, 6(x0)=u,. (5)

3apaya (4),(5) nmeeT eaMHCTBEHHOE pelleHUe, KOTOpoe B obLiem criy4yae
HaxoAuTCs YMCIIEHHO.



PaccmoTpum aBTomoaernbHoe peweHue ypaBHeHUA (1) Tuna Gerywewn
BOJIHbI:

E=x-Dt, u(xt)=86(x—Dt)=0(&). (6)
U3 (1) u (6) nonyunm:  (k(0)0') =—-Dcpl’, —wo<é<wo (7)

Mwem HenpepbiBHOE pelueHUe, obOnagaiowee HenpepbiBHbIM
«TensioBbIM MNOTOKOMM»:

ou(x,t)

kK(O) 0'= W (x,1)=—k(u(x,1)) (8)

MycTb Oerywasa BONHa Havana pAOBWXeHMe Nno HyneBomy OHY
TemMneparypbl:

(&) >0, £E>owo; k(B)F'— 0, & — . (9)
Toraa u3 chopmyn (7) u (9) nonyuyum ypaBHeHue:
k() do

0 0z =—-Dcp (10)



Nycrs K(U) =K,u?, K, > 0,0 >0 (npu o = % nonyyaem koadcpuumneHT
3NIeKTPOHHOU TEenJsIoONPOBOAHOCTU B MOSIHOCTbKO MOHM3OBAHHOW
nnasme). Toraa peweHue ypaBHeHus (10) umeet BuA:

1

oDcp o
9(§)=<{ ks (‘5)}’ =0

0, ¢ >0.
U3 cbopmyn (6) u (11) nonyuum:

ut (1-X), 0<x<Dt,
u(x,t):{0 d-pp) (12)

0, X > Dt,

2ep b
rge u0 2(0[; C'Oj .
0



PyHKkuma (12) - ob6oOweHHOe pelweHUe  KBa3sUJIIMHEUHOrO
BblpoXAarLeroca napadbonn4yeckoro ypaBHeHus1, obnapawoLiasn
crneayrowmMmM CBOUCTBaMM:

a) dyHkuma (12) cdumHUTHA nNno x B NOOOA KOHEYHLIA MOMEHT
BPEMEHMU: CYyLLeCTBYeT NocTosHHas A>0 Takas, 4To u(x,)=0 npu X = A;

6) cdyHkuma (12) He nmeeT BcloAy HeNnpepbIBHbLIX MPOU3BOAHLIX,
BXoAALWMX B ypasHeHue (1): npy o = ] oHM umeloT pa3pbIB NepBOro
poaa, npu g = 2 - pa3pbiB BTOPOro poaa Ha npaMmon X =

3amMeyaHue. TennoBou NOTOK:
k u o+1

te (1- t)_ 0 < x < Dt,
0, X > Dt

.

W (X, 1) = 1 (13)

saBnsieTcA HenpepbiBHou dyHkumen: W (Dt —0,t) =W (Dt +0,t) =0;

B) OTNIMYUTENBLHON OCOOEHHOCTLIO BbIPOXAAMLWMUXCA YpPaBHEHUN
(1) aBNseTCcA TO, YTO OHU MOryT ONMUCbLIBaTb NMPOLIECCbl C KOHEYHOM
CKOPOCTbIO pacnpocTpaHeHUs BO3MYLLEHUS.



PeweHna Bupga (3) n (6) — eAMHCTBEHHble TUMbl HETPUBUASIbHbIX
aBToOMoOAenbHbIX peleHUn, KoTopble AonycKkaeT ypaBHeHue (1) npwu
npou3BoNnbHbIX KoadpdpuumeHTax k(u). HoBble TUNbI aBTOMOAENbHbLIX
peLeHnn NOABIIAITCA TOSMIbKO NMpu cneunanbHoMm Buae dyHkumn k(u).

PaccmoTpum 3apauvy:

(ou 0 ou
—=—(k,u>—), x>0, t>0, 14
o ox M o) (44)
qu(x,0)=0, x>0, (15)
u(0,t) =u,t™, t>0, m>0. (16)
ABTOMOfenkLHoe peweHue: & = —2 u(x,t) =u,t"e(&) (17)

koiuo%t“% !

Ana dyHkumm ¢ (£ ) nonyyaem 3agady:
(6°60) +1(1+mo)é0 —mo =0, &£>0, (18)
0(0) =1, 6()=0, (19)

o )
HenpepbiBHOCTb TEnJ1OoBOro noTokKa 9 H



-1
Mpun M=o peweHue (17) coBnapaet c 6erywewn BonHou (11). Mpu

M # O ~ 3apava (18),(19) pelaeTcs YNCNEHHO.
MoxHo nokasatk, 4To npu nio6om m>0 cywectayeT Takoe & (M, 0)>0,
yTOo 6’(5) =0 npwu f > fo n 6’(5) >0 npn 0< & <&, Pewenne

(17) — TennoBasi BOMHa, ABWXYLASCA MO HEBO3MYLUEHHOMY POHY
TemnepaTyp. ®poHT BOMHbI Xy, t):

1l o litmo
— 2 2 2
ycKopsieT cBoé aBuxeHue n npu { — oo HarpeBaeT 0O O€CKOHeYHO

OoonbLlnx Temnepartyp Bcro nonynpamyo X > ().
PeweHne acumntoTnyeckm ycronumso npu { —> 00 OTHOCUTESIbHO
ManbIX U3MEHEHWIi HauanbHbLIX 3HAYEHWNIA M ManbIxX oTKnoHeHnii K (U)
OT CTeneHHOU 3aBUCUMOCTMU. Npun He3HaUYNTENbHbIX U3MEHEHUN YCINOBUM

(15),(16) ocHOBHble 3aKOHOMEPHOCTU Mpouecca HarpeBa, KOTOpble AaéT
NPOCTPAHCTBEHHO-BPEMEHHAaA CTPYKTypa aBTOMOAENbLHOro peLueHus

(17), coxpaHsitoTcA.



2. PexxuMbl ¢ o60CcTpeHnem

Pexnmom ¢ o06OCTpeHMeM Ha3bliBaeTCsA TaKOM 3aKOH WU3MEeHeHus
HEKOTOPOWU BeJIMYUHbI, KOTOPbIX ObecrneymBaeT €€ HeorpaHu4yeHHoe
BO3pacTaHue B Te4eHUe KOHeYHOro BpeMeHM.

Paccmotpum 3apayy Kowwm agnsi  OAHOMEPHOro ypaBHEHUA
TensionpoBOAHOCTMH:

u, =k,(u’u ), +qu”, -o<x<o, 0<t<T, (1)
u(x,0) =u,(x), -co<x<wo, k,>0, q,>0. (2)

KoHKypeHUusA HeJfIMHeMHbIX MNpoueccoB Tenronepegayn w
TennoBblgeneHnsa: 3d¢gpdgekTt nokanusaumMm npouecca ropeHus
(nposiBneHume npouecca camMoopraHusaumm HerIMHeMHON
AuccunaTtuBHon cpeabl). Bo3HUKHOBeHMe B cpede uenoro Habopa
pa3fIMYHbIX CTPYKTYpP, HE B3aMMOAENCTBYHOLWUX APYr C APYrOM.

CBepxuHTEeHCUBHOE ropenmne: [>1



BBeaém npeobpasoBaHne nepemMeHHbIX:

K

{ 0
X X
u npuBeaéem ypaBHeHue (1) kK 6espasmepHoMy BMAy:
ut — (uzux)x + uﬂ ) (4)

CBoucTBa pelwieHun ypaBHeHUs (4) cylecTBEHHO pa3nnyarloTcs B

cnyvasx [ =3,0<3,[>3.

YacTHbIN cnyy4an ypaBHeHus (4): LIt = (UZUX)X : (5)
Monyuynm TouYHOe aBTOMOAeNnbHOe pelueHue ypaBHeHus (5) Buaa:

Ut =06), =2 (6)

U3 dopmyn (5),(6) nonyyaem:

20°(5)0'(5) +30(E) =y (&), 25y (&) +w(£)=0.



PeweHue 3enbpoBnya — KomnaHenuya — bapeHonarra:

2 ) |2
UA(X’t):t%{%(Uoz_%j} ’ (7)
_I_
ne ,70:2\/%, [z], =max{0,z}, A(Ot)_l%nT

U (x,1)#0, xe(-nt*nt!), t>0.

PeweHue (7) onucbiBaeT TennoBble BOJSIHbI. UA(X, t) - 3TO pelueHune
T™nNa MrHOBEHHOroO To4yeYyHoro MCTOYHMKA MOLLHOCTHU Eo,
aeuctBoBaBLwero B Touke x=0 B MmomeHT =0.

1) MycTb B cpeae wvMeeTCA WCTOYHUK TENSIOBOW 3SHEpPrum,
COOTBETCTBYIOLMUNA IB:B:

u, = (u°u,), +u’. (8)



Uwem aBTOMOAEeNbHOE pewieHue (8) B BuAe:

1
U= O (X
TO " ()

U3 cbopmyn (8) u (9) cneayet ypaBHeHMe ana pyHKUMK H(X) :

O(x)0"(x) +2(6'(x))* +0°(x) =3

Popmynsi (9) u (10) onpenensaroT NMOKarM3oBaHHbIU PEXUM:

1

U,(xt) :ﬁ

3

(9)

(10)

(1)



roe To— BpemMs CyLleCTBOBaHUA peLUeHuns, LS = 77\/ 3 - ANVHa
HOCUTEnNs pewweHus B NIOOON MOMEHT BPeMeHM.
Ls Ls

PeweHne nokannsoBaHo B obnactu 2 (_7 , 7) Mpn

t—>T,, Xew,, U,(X,t) > o, uA(O,t):% (.I.—3_t)—>oo, t—>T,.
0

TennoBas cTpyktypa (11) HasbiBaeTcsa NIOKanM3oBaHHbIM S-PeXUMOM C
obocTpeHMeM 1 npeacTaBnseT cobon CTosuy0 TeMnepaTypHYHO BOJIHY.

2) PaccmoTpum ypaBHehue (4)c [ =2

u =(u‘u,), +u’ (12)
t X7 X

Uwem pewieHne B BUAe:

U =5 0(8), Ex(To-t (19)

roe To- BpemMs CyLecTBOBaHUA TENJSIOBOU CTPYKTYPbI.



U3 chopmyn (12) n (13) nonyyaem ypaBHeHue:

(6°0') +56'~0+6% =0, (14)

CDyHKuMﬂQ(é:) CTPOro nofioXxuTtesribHa Ha UHTepBane (—fo , 50) "
paBHa Hymnio BHe ero. ®yHkunsa (&) v 50 onpenensaoTca YMCIIeHHO.

CBouncrtBa peLlueHus:

a) pexxum ¢ o6oCcTpeHUueMm: uA(O,t) — ﬁg(g) —> o0, t > To;
0

0) B o601 MOMEHT BpeMeHU TensioBas CTPYKTypa MMeeT KOHEeYHbIN
npaebIi X (t) vneebiit X (1) dpoHTsI:

0= xO=-F2— @




B) PPOHTbLI ABMXKYTCSA C YBENTMYMBAKOLWENCS CKOPOCTLIO U B MOMEHT
obocTpeHusn =T, TennoBasi CTPYKTypa oxBaTbIBaeT BCIO NPSAMYHO,
HarpeBas e€ Bcroay A0 6eCKOHeYHOW TeMnepaTypbl.

Takon npouecc ropeHusi, OMNUCbiBaeMbin YypaBHeHuem (12),
Ha3biBaeTcA HS —pexunmom.
3) PaccmoTpum ypaBHeHue (4) npu [ =4

ut — (UZUX)X + U4 (16)

MoLWHOCTbL UCTOYHMKA IHEproBblAesIeHns Q(u) = u4 npu 6onbLKnx
TemMnepartypax Bbile, 4eM B S-pexumme ('B — 3)v| HS-pexume (,3 = 2)-

Takon TennoBou nNpouecc, OoNUCbIBalOWUN CUSTbHO JIOKasiIM30BaHHbIE
CTPYKTYpbl, Ha3biBaeTcs LS-pexxumom.

Uwem pewseHmne ypaBHeHus (16) B Buge:

__ 1 —_ X
uA(X’t) _ %/ﬁe(é:)’ é: Q/ﬁ’

roe To > 0 —BpemMs 000CTPEeHUA peLUeHUs.

(17)




U3 dbopmyn (16) n (17) cnepyet ypaBHeHue:
(6%0') - 59' 9 +60°=0, O(&)>0, -o<E<on, (18)
ACUMNTOTUKA peLueHnA umeeT BUA;:
0(&)=C, Ly, |g> e,
I
roe CA - NOCTOSIHHasA, onpeaenseMas YMCrneHHo.

Jlokanusauma noHumaeTca B 3(*)(1)9KTMBHOM CMbIClie. pelleHune Co
BpeMeHeM pacTeT BO BCeX TOYKax, HO HeorpaHnNn4eHHO pacTeT TOJIbKO

B TOuke x=0.
TemnepaTtypa orpaHMyeHa cBepxy npeagenbHbIM pacrnpeneneHueMm:

A (% t)<uA<xT)—‘C—‘ (19)
X



3aknunTtenbHbIe 3aMeYyaHus.

3apgaHue C nomouwbi YHKUUMU Uo(X) pacnpeneneHHOUW B MPOCTPaHCTBE
cneuyuanbHbIM OO0pa3oM Ha4vyanbHOM TENMNNOBOW 3HEPruu NPUBOAUT K FOPEHUIo
cpeAbl, Npu4yemM BBUAY HESNIMHEMHOCTU ypaBHeHUA (1) MHTEHCMBHOCTbL ropeHus,
a TaKxe TennornepeHoc B pa3fiIMYHbIX y4acTKax NPsAMOMN NPOTEKaT PasfiMiYHbIM
o6pazom. C TeyeHMemMm BpeMeHM B cpeae BO3HUKAKOT MeEHAKLWMeca B
NPOCTPaHCTBE WU BpPEeMEeHU pacnpeneneHUa TemnepaTtypbl, HasbiBaeMble
TennoBbIMU CTPYKTYypaMMm.

OOHUM M3 rnaBHbIX pPe3ynbTaTOB KOHKYPEHUUU HerNMHEeWHbIX MNpoLueccoB
Tensionepenaynm W TennoBblaeneHua ABnsAetcA  3ddekTt nokanusauuwm
NpoLLeccoB ropeHusi, KoTopbiu B AAaHHOM cCJlyyae BbICTYNaeT KakK nposiBrieHue
npouecca camoopraHmsauum HenMHEeMHOW AUccunaTtuBHOMU cpeabl. OH MoXeT
npMBOAUTb K BO3HMKHOBEHUIO B cpede uerioro Habopa pasnunyHbIX CTPYKTYp,
He B3auMOAeNCTBYIOLWMNX APYr C APYroMm.

Ecnn 3agaya ponyckaeT HeorpaHuU4dYeHHoe pelleHMe, TO OHa Ha3blBaeTcA
rnob6anbHO (N0 BpeMeHU) Hepa3peLLUMOM.

UccnepoBaHue nNpoOCTPaHCTBEHHO-BPEMEHHOM CTPYKTYpPbl HeOorpaHWYeHHbIX
pewieHun B6IM3n MOMeHTa 060CTpPeHUsA CBA3aHbl C LULUPOKUM MUCMOSIb30BaHUEM
B nMpakTuke (pU3NYeCKUX IKCNEepuMeHTOB pa3Hoobpa3Hbix 3ddeKkToB,
nopoxaaembiX CBepxXxObICTPbIMKM  npoueccamMu, Hanpumep, 3cpdekTa
caMO(OKYCUPOBKU CBETOBbIX MNY4YKOB B HEJIMHEMHOM cpeae, Konnanca
JNIEHrMIOPOBCKUX BOJIH B Mnriasme v psaga apyrux.



	

