maBa 3. MaTemaTnyeckoe moaenupoBaHue

HeJINHEUHbIX OOBLEKTOB U NPOLLeCcCoB

1. MaTemaTuyeckue Moaenu npoLeccoB

HEeJINHEeMHOMU TenJsIoNPoOBOAHOCTUN U FTOPEeHUs
1. KpaeBble 3apaun pna  KBasUNIMHEMHOro YypaBHEHUSA

TennonpoBogHOCTU
PaccmoTpum KBa3uMHEMHOe ypaBHEHUEe TENSIONPOBOAHOCTM:
ou O ou
co—=—(k(u)—=), (1)

ot 0OX OX
raoe C — yaenbHasi TeNnoemKocTb, () - MIAOTHOCTb, k - Ko3achuumneHT
TEennonpoBOAHOCTMU.
NMapabonunyeckoe ypaBHeHue (1) ¢ koacpcpunumneHToM K(u), 3aBUCSLLUM

OT Temnepatypbl W yaoBneTBopsawwum ycnosuo K(0)=0, HasbiBaeTcs
BbIPOXAaloLWUMCH.



ABTOMOAENbHbIMU pelueHnsiMu ypaBHeHnA (1) Mbl 6yaemMm Ha3biBaTb Takue ero
YacTHble peLlleHUA crneumanbHOro BuAa, KOTOpbleé MOryT ObiTb MNOJyYeHbl
NnyTeM WHTErpupoBaHUS HEKOTOPbIX OObIKHOBEHHbIX AuddepeHunanbHbIX
YPaBHEHUN, apryMeHTbl MCKOMbIX (PYHKUMW KOTOpPbIX NpeacTaBnAlOT coboun
KOMOMHaLMIO He3aBUCUMbIX NepeMEeHHbIX X U t.

Hangem aBTOMogenbHoe pelweHue YypaBHeHusi (1) ygoBReTBopsollee

YRR u(0,t)=u,, u(x,0)=u, (2)
e E= 7, UKD =0 =0(0). ()
C((k(0) O) =—2cpE0, E>0 (4)
0(0)=,, O()=u,. (5)

3apaya (4),(5) umeeT eAMHCTBEHHOE pelleHUe, KOoTopoe B obwem cny4ae
HaXoA4MUTCA YNCIIEHHO.



PaccmoTpum aBTOMOAenbHoe pelleHue ypaBHeHuA (1) Tuna Gerywen
BOJIHbI:

£=x—Dt, u(xt)=06(x—Dt) = (). (6)
U3 (1) n (6) nonyuum: (k(@)@’)' — —DCpH', — 0 < 5 < o0 (7)

Mwem HenpepbiBHOE pelleHue, obnapawowee HenpepbIBHbIM
«TEensoBbIM NOTOKOMY '

ou(x,t)

k(@) 0'= W(x,t)=—k(u(x,1)) (8)

MycTtb Oerywas BoyiHa Havyana ABWXeHMEe Mo HyneBoMy ¢GOHyY
TemMnepaTypbil:

0(&) >0, £ > w; k(B)8'—>0, & — w. (9)

Toraa us doopmyn (7) n (9) nony4ymm ypaBHeHue:

=—-Dcp (10)



Nycts K(U) =K,u?,K, > 0,0 >0 (npuo = % nony4vaem koadcpuumeHT
3NEeKTPOHHOU TensionpoBOAHOCTM B MNONMHOCTbKO UWOHU30BAHHOM
nnasme). Toraa peweHue ypaBHeHus (10) nmeet BUA:

( 1

oDcp -
9(5)4 K (‘5)}’ =0 @y

0

0, ¢ >0.
U3 dopmyn (6) n (11) nonyumm:

ut:(l--X)7, 0<x<Dt,
u(x,t) =4 ° d-pp) (12)
0, x > Dt,

K

0

5 2
e uO:(GD Cp) |



dyHkuma (12) - ob6oOweHHoe  pelleHMe  KBa3UNIMHEUHOro
BblpoXaawlLierocsi napadbonnyeckoro ypaBHeHusl, obrnaparowas
crneayrwowmMMmM CBOUCTBaMM:

a) dyHkuma (12) cdumHUTHA NOo x B nNOOON KOHEYHbLIA MOMEHT
BpeMEHMU: CyllecTBYeT NocTossHHaa A>0 Takas, 4to u(x,t)=0 npu X = A;

6) ¢dyHKumMa (12) He MmMmeeT BCHOAY HeNpepbIBHbIX MPOU3BOAHLIX,
BXOAALMX B ypaBHeHue (1): npu & = 1 oHM umeloT pa3pbIB NepBoro
poaa, npu g = 2 - pa3pbiB BTOPOro poaa Ha npsimon X =

3amMevyaHue. TennoBOM NOTOK;
k u o+1

t7 (1— t)%, 0<x<Dt,
0, X > Dt

.
aBnsaetca HenpepbiBHon dyHkumen: W (Dt —0,t) =W (Dt +0,t) =0;
B) OTNINYNTENIbHON OCOOEHHOCTbLIO BblpOXAarowWwmxca ypaBHeHUn (1)
ABNAETCA TO, YTO OHM MOTyT OMUCbIBaTb MNpoLecCbl C KOHEYHOW
CKOPOCTbIO pacnpocTpaHeHUs1 BO3MYLUEHUSI, TO €CTb UX peLleHus
MOFYT ObITb PUHUTHBLIMU PYHKLUAMMN.

W (X,t) = (13)




YcnoBue (pMHUTHOCTM NO X peleHUsa Tuna «oOerywen BOJSIHbI» UMeeT

BUA, 1@
=

1N < 400,

[JaHHOe HepaBeHCTBO HABNIAETCA HeoOXoAMMbIM U AOCTATOYHbLIM
yCIriOBUEM KOHEYHOCTU CKOPOCTU pacrnpocTpaHeHUs BO3MYLLEeHUA B
npoueccax, onncbiBaemMbiX ypaBHeHuem (1).

U3 paHHOro ycnoBusa crneayeT cywecTBOBaHME KOHEYHOro «thpoHTa»
TENNOBOMN BOJIHbI, rOe MOXET TepATbCA HeobOxoaumasi rnagkocTb
peweHusn, 4YTo TpedbyeT onpeaerieHUA peweHnsa B 0606LWeHHOM cMbIcre.

O606LeHHOe pelieHue BblpoXaaroLlierocs ypaBHeHUNA (1)
yaoBneTBopsetr He camomy audpdgepeHumanbHOMy YypaBHEHMUIO, a
HEeKOTOPbIM MNOCTPOEHHbLIM Ha ero OCHOBe UHTEerpasibHbIM
COOTHOLUEHUSIM, KOTOPbIe He coaepXaT nepBbIX MPOU3BOAHLIX MO X U NO t
MU BTOPbIX MPON3BOAHbIX MO X, KOTOPble MOTyT ObITb pa3pbIBHbLIMMU.

CyLI.I,eCTBeHHbIM MOMEeHTOM #HABlnsAeTcda TO, 4YTO 3TU COOTHOLWIEeHwusA
cneuuasibHbIM o6pa30M YYNTbLIBAKOT HenpepbiBHOCTb TEnJsioBOro noTtokKa

(8).



PeweHusa Bupa (3) n (6) — eAUMHCTBEHHbIe TUMbl HETpPUBUASIbHbIX
aBTOMOZAENbHbIX pelleHMn, KOTopble AonyckaeT ypaBHeHue (1) npwu
NPou3BOSibHbIX KOo3(ppunumeHtax k(u). HoBble TUNbI aBTOMOAENbHbLIX
peleHnn NOABNSAIOTCA TONMbLKO Npu crneunanbHomM Buae dyHKuum k(u).

PaccmoTpum 3apauyy.

(ou 0 ou
—=—(k,u°—), x>0,t>0, 14
ot ok M o) 14
Ju(x,0)=0, x>0, (15)
u(0,t) =u,t™, t>0, m>0. (16)
ABTOMOpAenbHOE pelueHune: & = ” lu); —, u(x,t)=ut"9(&) (17)
02 02 2

Ansa dyHkuumn £ (£ H)nonyyaem 3agavy:

(6°0) +3(1+mo)E0 —m@ =0, &0,  (18)
8(0) =1, 6(0)=0, (19)

o N/
HernpepbiBHOCTb TenJjioBOro noTokKka —8 9 .



1
Mpun peweHue (17) coBnagaet ¢ 6erywen BonHou (11). Mpwn

M # O " 3apaua (18),(19) pewwaeTcsi YNCREHHO.
MoXHO nokasaTb, 4To npy no6om m>0 cywectayet Takoe ¢, (M, 0)>0,

YTo (9(5)20 npm §>§0 u (9(5)>Onpv| 0<¢ <&, Pewenne

(17) — TennoBas BOJIHA, ABM)K{L;@HCH no HeBO3MyLIEeHHOMY (OHY
TemnepaTtyp. ®PPOHT BOMHbLI Xo t):

M=o

o limo

Xy (1) = Ekgust (20)

yCKOpsieT CBO€@ ABWXeHue U npwu t —> o©  HarpeBaet Ao 6eckoHeuHO
6onblunx TemnepaTyp Bcto nonynpamyto X > 0.

PeweHue acCMMNTOTUYECKN YCTOMUYUBO MpU €T —> O%QrHocurensHo
ManbIiX U3MEHEeHUN HavyanbHbIX 3HAYeHUN U MalnbIX OTKIIOHEeHUU k(U)
OT cTeneHHOM 3aBUCUMOCTMU. pu He3HaAYNTENbHbLIX U3MEHEeHNUN YCITOBUM

(15),(16) ocHOBHblIe 3aKOHOMEpPHOCTU npouecca HarpeBa, KOTopble OaeT
NPOCTPAaHCTBEHHO-BpPEeMEeHHas CTPYKTypa aBTOMOAESIbLHOIo peLueHus

(17), coxpaHAaoTCA.



2. Pexxnmbl ¢ oboctpeHnem. AchdeKkT nokanmsaumm
Tenna

PexuMom c obocTpeHMeM Ha3blBaeTCsl TaKOW 3aKOH W3MeHeHwus
HEeKOTOPOM BEJIMYUHBLI, KOTOPbIN obecneynmBaeT eé HeorpaHU4YeHHoe
BO3pacTaHMe B Te4eHUe KOHEeYHOro BpeMeHM.

Paccmotpum 3apayy Kowwm gna  OOHOMEPHOro  ypaBHEHMSs
TEennonpoBOAHOCTH:

u, =k,(u’u ), +qu’, -o<x<o, 0<t<T, (1)
u(x,0) =u,(x), -oo<x<oo, k,>0, q,>0. (2)

KoHKypeHUUA HeNMMHeMHbIX MNpoueccoB Temnnonepegaym W
TennoBblaeneHus: 3¢gdgekTt nokanusauMm npouecca ropeHus
(nposiBneHune npouecca camMoopraHusauumu HeNMIMHeHON
auccunatmBHon cpeabl). BosHMKHOBeHMe B cpepe uenoro Habopa
pa3fIMYHbIX CTPYKTYP, HE B3aMMOAEUCTBYHOLWUX APYr C APYroM.

CBepXUHTEHCUBHOE ropeHue; ﬂ > 1



BBeném npeobpasoBaHMe NepemMeHHbIX:

K

{ 0
X X
t— T = X\ (3)
U npuBeaéem ypaBHeHue (1) K 6e3pasamepHomMy BUAY:
_ (112 p
u =(uu) +u” . (4)

CBoucTBa pelleHnn ypaBHeHu s (4) cyecTBeHHO pa3fiuyaloTca B

cnyvyaax [ =3,[<3,[6>3.

YacTHbIU cny4yan ypaBHeHuUs (4): ut = (UZUX)X : (5)
NMony4yum To4yHOe aBTOMOAENbLHOE pelueHne ypaBHeHuUA (5) BmAaa:

U =06), =2 (6)

U3 bopmyn (5),(6) nonyyaem:

20°(5)0'(8)+30(E) =y (&), 25y (&) +w(£)=0.



PeweHune 3enbpnoBuya — KomnaHenua — bapeH6narra:

1

2 ) |2
m(m)%{%(né jfﬂ , (7)

_|_

fae 770:2\/5, 2], =max{0,z}, u,(0,t)= UT

U (X,1)#0, Xe(-nt:nt*), t>0.

-l>||—‘|H

PeweHune (7) onncbiBaeT TensioBble BOJSIHbI. UA(X, t) - 3TO pelleHune
TMNAa  MrHOBEHHOro  TOYEYHOro  UCTOYHMKA  MowHocTn  Eo,
aencrBoBaBLlero B Touke x=0 B MOMeHT t=0.

1) Myctb B cpeae wWMeeTCA MCTOYHUK TENsOBOM 3HEpPrum,
COOTBETCTBYHOLIUN 13:3:

ut I(UZUX)X+U3. (8)



Uwem aBTOMOAENBLHOE pelueHue (8) B BuAae:

1

u= O(x 9

L 000 (9)

U3 bopmyn (8) n (9) cnepyet ypaBHeHne ana pyHKUUU H(X) :
O(x)0"(X) +2(6'(x))" +6°(x) =3 (10)

Popmynbl (9) n (10) onpenensaoT NIOKaNIM30BaHHbLIM PEXUM:

@cos[f—xj, \x\<5
> (11)

UA(X’t):ﬁ <




rae To — BpeMs CyLeCcTBOBaHUA peLueHuns, LS = 77/ 3- ANWHa
HOCUTENA pelleHns B NNII0O60N MOMEHT BPEeMEHM.

(_5 LS) Mpn

PelweHne nokanm3oBaHo B obnactu

t—>Ty X€@, Uy(xt) >0, u,(0)=3 (TBt)—>oo,t—>To.

TennoBas cTpykTypa (11) Ha3biBaeTCA NIOKannM3oBaHHbLIM S-pPeXXUMOM C
obocTpeHMeM U NnpeacTaBnsieT coboM CTosYYH0 TeMNepaTypPHYO BOJTHY.

2) Paccmotpum ypaBHeHune (4)c =2

u =(u‘u,), +u’ (12)
t X7 X

Mwem peweHne B BUAeE:
U D) = 1506, E3To-t, (19)

roe To- BpeMsi CyLecTBOBaHUA TENJIOBOWN CTPYKTYPbI.




U3 dbopmyn (12) u (13) nonyyaem ypaBHeHuUe:

(6°0') +56'~0+6° =0, (14)

®yHkuna ((£) cTporo nonoxurenbHa Ha UHTepBane (—50,50) "
paBHa Hynio BHe ero. ®yHkumsa @(£) m £, onpenensioTcA YMCHEHHO.

CBoucTBa peLueHuUs:

a) pexxum ¢ obocTpeHuem: UA(O,'[) — T 1—t (9(0) —> o0, t _)To;
0

0) B NtoGOM MOMEHT BpeMeHU TensioBas CTPYKTypa MMeeT KOHEeYHbIN
npaBbIN X, (t) nneebim X (t) PPOHTBI:

D= xO=-2— @




B) (DPOHTbI ABMXKYTCA C YBEeNIMYMBAIOLLENCA CKOPOCTbLIO U B MOMEHT
obocTpeHuns t=To TennoBasa CTPYKTypa OXBaTbIBaeT BCK NPAMYIO,
HarpeBasi e€ Bcloay A0 6eCKOHe4YHOM TeMnepaTypbl.

TakoMn npouecc ropeHusi, ONUCbiBaeMbin YypaBHeHuem (12),
Ha3bliBaeTcd HS —peXxXxumom.
3) PaccmoTpuM ypaBHeHue (4) npu =4

ut — (UZUX)X + U4 (16)

MoOLHOCTb NCTOYHUKA 3HEpProBblaeneHus Q(u) = u4 npu 6onbLInX
TemMnepaTypax Bbille, YeM B S-pexunme (,B = 3)v| HS-pexunme (,3 = 2)-

Takon TennoBon npouecc, ONUCbIBalOWUU CUSNTbHO JIOKannM3oBaHHbIe
CTPYKTYpPbl, Ha3biBaeTca LS-peXXmmMom.

Uwem pelwieHne ypaBHeHus (16) B Buae:

__ 1 - X
uA(X’t) _ %/ﬁ 0(5)’ 5 g/_m1

rae To > 0 —BpemMsi 000CTpEeHUs peLleHUs.

(17)




U3 dbopmyn (16) u (17) cneayet ypaBHeHuMe:
(6%0") - 59' 9 +60°=0, 0(&)>0, -w<E<on, (18)
ACMMNTOTUKA peLueHus nMmeeT BUA:
O(&)=Cy—5, |E| >,
I
rae CA - NOCTOSAHHAsA, onpeaensieMas YNCIEeHHO.

Jlokanunsauna noHumaetcss B 3¢PPeKTUBHOM CMbICrie. pelleHue co
BpeMeHeM pacTeT BO BCeX TOYKax, HO HeorpaHU4YeHHO pacTeT TONMbKO

B Touke xX=0.

TemnepaTtypa orpaHuyeHa cBepxy npenesibHbIM pacnpenesieHueMm:

u, (X, t)<uA(xT)—‘C—‘ (19)
X



3aknwuuTenbHbIe 3aMeYyaHuA.

3agaHue c nomouwbi GYHKUUMU Uo(X) pacnpeneneHHOM B MNPOCTPaAHCTBe
cneyuanbHbIM 0Opa3oM Ha4yanbHOM TENJIOBOM 3HEPruu NMpUBOAUT K FOPEHUIo
cpeAbl, Npu4yeM BBUAY HESIMHEMHOCTU ypaBHEHUA (1) MHTEHCUBHOCTb FOPEeHUs,
a Takxe TenJsionepeHoc B pa3fiIMyYHbIX y4acTKax MpPAMON NPOTEKaKT Pa3fIMyYHbIM
ob6pazom. C TeyeHUeM BpemMeHU B cpeae BO3HUKAKWT MeHALWwUuecss B
NPOCTpPaHCTBE W BpPEeMeHU pacnpeneneHUss Temnepatypbl, Ha3blBaeMble
TEennoBbIMU CTPYKTYypaMu.

OgHMM wu3 rnaBHbIX pPe3ynbTaToOB KOHKYPEHUUU HEeSIMHeUHbIX MpoueccoB
TennonepegayM W TennoBblaerieHUa ABnfAetca  3dcekT  rnokanusauum
NpoLeccoB ropeHusi, KOTOpbIn B AAaHHOM Clly4yae BbICTynaeT KaK rnposiBrieHue
npouecca camoopraHm3auum HerIMHEMHOU AuccunaTtuBHou cpenbl. OH MoXxeT
NpMBOAUTL K BO3HUMKHOBEHMUIO B cpefie Uerioro Habopa pasnnyHbIX CTPYKTYp,
He B3auMOAEeUCTBYHOLWMNX APYr C APYroM.

Ecnun 3apaya pgonyckaeT HeorpaHuU4eHHOe pelueHue, TO OHa Ha3blBaeTcs
rnodanbHO (MO BpeMeHU) Hepa3peLuMMOMn.

UccnepgoBaHne npocTpaHCTBEHHO-BPEMEHHOMW CTPYKTYPbl HeOorpaHM4YeHHbIX
peweHnn BONM3nM MOMeHTa 060CTpeHMA CBsAA3aHbl C LLUPOKUM UCMNOSIb30BaHUEM
B npaktuke (PU3NYECKUX IKCNEepuMMEHTOB pa3HooOpa3Hbix 3dhdeKkToB,
nopoXxaaembiX  CBepXObICTpbIMMU npoueccamu, Hanpumep, adekTa
caMo(pOKYyCMPOBKM CBETOBbLIX MY4YKOB B HEJIMHEMHOW cpede, Kornnanca
JNIEHrMIOPOBCKUX BOJIH B nfiasMme u psagaa gpyrux.
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