3. @d@usnyeckue 32124 NPUBOAAILINE K YPABHEHUAM NAapadoJu4ecKoro Tuma

1) YpaBHeHHe TENJI0NPOBOAHOCTH

[TonyynuM ypaBHEHHUE TEIIIONMPOBOJHOCTH, OMUCHIBAIOIIECE TPOLECC PACITPOCTPAHEHHUS TEILIA.
JTO ypaBHEHHE OTHOCUTCS K YPABHEHUAM MapadOJIMYECKOrO THUIIA.

BBenewm crenyromine 0003HaAYCHUS:

1) u(M,t) — remmeparypa tena D B MOMEHT BpeMeHH t, MAaKpOCKOIIMYECKas XapaKTePUCTHKA
TEIUIO(PU3NYECKUX CBOMCTB Tea;

2) L - IIOTHOCTH TEJa;
3) C(M) — ynenabHas TEIII0EMKOCTb;
4) K(M) — ko3 PULIHEHT TEIIOIPOBOIHOCTH;

5) f(M,t) — 0ObeMHas IJIOTHOCTH HCTOYHUKOB (CTOKOB) TEILIA.



J1J1s1 BBIBOJIA YPABHEHUSA BOCIIOJIB3YEMCS 3aKOHOM Dyphe:

Eciu  memnepamypa mena mnepasnomepua, mo 8 HeEM BO3HUKAIOM MEN108ble NOMOKLU,
HanpaejeHtvle U3 mecm c Oojiee 8blCOKOU memMnepamypou 6 mecma c bojee HU3KOU memnepamypoll.

KonmyecTBo Teria, mpoTeKaroIee yepes IIoManaky do 3a mpoMexyTok BpemeHu dt, paBHO

dQ:—k(M)g—lrJ]dadt,

ou

¢ —— - IIPOU3BOAHAA I10O HOPMAJIX K INIOHIAAKC.

on

Paccmorpum teno D , orpannuennoe nosepxnocteio S : D = DUS. O6o3naunm yepes M

BHCIIHIOKO HOPMAJIb K ITIOBCPXHOCTHU S.



J[11 BBIBOJA YpPAaBHEHUS TEIUIONPOBOJHOCTH BOCHOJB3YEMCS METOAOM OajlaHca (3aKOHOM
coxpaHeHHMsl Temuia). Boimenum BHyTpu Tenma D smemenrapubiii oobem AV C TpPaHUYHOU

MOBEPXHOCTBIO AS W 3amuIieM sl HETO YpaBHEHHE OalaHca TeIIa.

1) KonmdecTBOo Temia, KOTOpoe HEOOXOAMMO cooOmHUTh 00beMy AV B TCUECHHE MPOMEKYTKa

BpeMeHU Al U1 NOBBILICHUS €70 TEMIIEPATYP HA BEJIUUYNHY AU = U(M L+ At) — U(M : t) :

pPaBHO!

AQ, = [[[C(M)p(M)(u(M,t+At)—u(M,t))dV,,

DTO KOJIMYECTBO TEIIa MOCTYHaeT B 00beM AV 3a CHET TEIUIOOOMEHA Yepe3 MOBEPXHOCTh AS C

tesioM D, a takke 3a cuet AEHCTBUSL HICTOYHUKOB (CTOKOB) TEILJIA, PACIIOI0KEHHBIX BHYTpHU 00beMa

AV.



2) Jna yuera teroooMena oobema AV ¢ tenom D ucnons3yem 3akoH Oypoe:
j dr“k —(P,7)do,dr

Jl1s1 mpeoOpa3zoBaHusi TOBEPXHOCTHOTO MHTETpaia B 00bEMHBIA BOCIOJb3YEMCSI TEOPEMOM

Octporpanckoro — ['aycca:

Ecnu BekTOp-GyHKIUS A( M ) HenpepbIBHO quddepenmupyema B oomactu D u HenpepbiBHA B

obmactu D : /&EC(l)(D)ﬂC([_)), TO

jjl\d&:jﬂdiw&dv,

rne do = Ndo, - Bremnss Hopmans k noBepxuoctu S, AdG moTok Bektopa A uepes

miomanky do  divA = A, 8Ay LA nuBeprenuust Bektopa A\,
8x oy az




re u- - —
TTonoxus B popmyne Ocrporpaackoro-Faycca A=k(M )gradu(M,t), rme gradu = Z | + ?;/ j+ Z—u k,
X Z

IOJIyYUM

jjk —(P,t)do, = jj div(k (M) gradu(M,t))dv,

N OKOHYAaTCJIbHO.

j drﬂjdlv M) gradu(M,t))dv,,

JI1s1 cipaBeINIMBOCTH IMIPUMEHUMOCTH (popmyiibl Octporpajackoro — ['aycca He00X0AUMO MPENOJIOKUTD,

YTO MO nepeMeHHon M

uec”(D)NC”(D),kec”(D)NC(D).



3) Baytpu oosema AV 3a npomexyTox Bpemenn /AT moxer BeIenarscs nnm nonmomarscs

KOJIMYCCTBO AQS’ HaIIpUMCEP, 3a CUHCT IIPOXOKIACHHUA TOKA, UJIN BCJICACTBUC XUMHNYCCKHUX pCaKHHﬁI

t+At

AQ, = [ dz|[[ f (M, t)dv,.

VYpaBHeHUE OajlaHca Tera:

AQ, = AQ, +AQ..

B neBoii yacTu (opMyIibl H3MEHEHHE KoJandecTBa Teiia B oobeMe D 3a Bpemss At , a B mpaBoii

4aCTH — IIPUYKHBI, BBI3BIBAIOIIIUE 3TO U3MEHEHHE.
Jiist monmydenust nuddepeHnaIbHOT0 ypaBHEHUS TPEANOI0KUM, uTo GhyHKims U ( M ,t) BBl

HenpepbIBHO TuddepeHnupyema B oosactu D u oiuH pa3 HenpepblBHO U@ depeHnrpyema B

oomacth D 1o M m onun pas HenpepuiBHO 1uddepenumpyemMa B oonactu D u HenpephIBHA B

obmactt D mot: u(I\/I,t)eC,ﬂfj?(D)ﬂC&”?)(ﬁ).



[Ipumensist popMyity CpeHero 3HaYCHHS U IEPEXOMS K IPeAely IPU A s M, At—(, IOIy4HM
ypPaBHEHUE TEILUIONPOBOAHOCTH:
C(M)p(M)ut (M,t) = div(k(M)gmdu (M,t))+f(M,t).
J171s1 BBIBOZIA TPAHUYHBIX YCIOBUM HYKHO BOCIIOJIB30BaThCs 3aKOHOM HproTOHA:!

Konuuecmeo menna Q, npomexaiouiee 6 eounuyy epemeru uepes niouaoxky O NOBepXHOCIU
mena 6 okpyacarouyio cpeoy, pasto Q = oh (u —Uu, ), eoe U, (I\/I ,t) - memnepamypa oKpyicarou e

cpeowvt, U ( P,t) -memnepamypa nosepxrnocmu mena, h (P) = koo puyuenm mennooomena.

. ou ou
[ToCKOJIbKY TEIIOBOM ITOTOK Ha IMOBEPXHOCTH S paBeH K ( P)a—, e 8_ - IPOM3BOJHA T10
n N
BHEITHEW HOPMAJIU, TO TPAHUYHOE YCIOBUE MOYKHO 3aIIMCATh B BUJIE

a(P)%(p,t)w(p)u(p,t):ﬂ(p,t), Pes.



HauanbpHO-KpaeBas 3amada sl ypaBHEHUS TEILUIONPOBOAHOCTH UMEET CIICAYIOIINN B

C(M)p(M)u (M,t)=div(k(M)grad u(M,t))+ f(M,1), (M,1)eQ,,
u(M,0)=¢(M), M eD,

N

a(P)Z—E(P,t)—F,B(P)U(P,t)=,u(P,t),PeS,te[O,oo).
31ech o
) Q, =Dx(0,0)={(M,t):M €D, te(0,)}, Q, =Dx[0,%),
ou

- IPOM3BOJIHAS 110 BHEIIHENW HOPMaIH, KO3 OUIMEHTHI YIOBIECTBOPSIOT CIIELYOIIAM
ON yenosusM:

C(M)>0, p(M)>0, k(M)>0,M eD, «(P)>0, 5(P)>0, a(P)+/(P)>0.



)

Omnpenenenne. Oynkius U(M,t) Ha3pIBaeTCsa KIacCHYECKUM PEIICHUEM ITOCTABIICHHON HAaYaIbHO-

KpPacBOH 3aJ1a4M, €CJIM OHA:
1) npuHaAICKUT CleayromeMy Kiaccy U ( M ,’[) < C,S,,Z ? (Qoo ) N C{j ’1?) (Qo ) ;
2) yIOBISTBOPSET YPAaBHCHHUIO B KJIACCHUECKOM cMbICIe (rmoAacTtaHnoBka U (M,t) B ypaBHeHHe
IPUBOJUT K TOKIECTRBY),
3) HENPEPHIBHO IIPUMBIKACT K HAYaIbHBIM U TPAHUIHBIM YCIIOBHSIM.

H€O6XOI[I/IMO€ YCIO0BHUC CYHICCTBOBAHHNC KIIACCHUYCCKOI'O PCIHICHUA — YCJIOBHE COIVIACOBAHUA

HAYAJbHOTO0 U TPAHUYHOIO YCJIOBHIA:

a(P)a(pa—(nP)+ﬁ(P)gp(P):y(P,O), Pes.



B onHOMEpHOM cilyyae ypaBHEHUE TETIJIONPOBOAHOCTH UMEET CIEAYIOIIAN BUL:

0 ou

C(x) p(x)u (x,t):&(k(x)&(x,t)j+ (1),

B ciydae mocrosiHHbIX K03 dummenros  C(x)=C,, p(x)=p,, k(x)=k, omHOMEpHOE

YPaBHCHHUC TCINIOIIPOBOIHOCTH MOKHO 3aIlIMCATh B BU/IC

2 2 k 1
u =awu,+F(xt), a :Coopo’ F(x,t)zg.




2) TemniepaTypHble BOJTHBI

C wuccnegoBaHHW MPOLECCOB PACIPOCTPAHEHHS TEIUIA CBI3aHO 3apOXKICHUE MaTeMaTU4YeCKOM
(bY3UKHU, TOHUMAEMOU KaK HayKH O IOCTPOCHUHU U U3YYEHUH MAaTEMATUUYECKUX MOojesel (GU3nuecKux
spieHuid u mporeccoB. B 1811 romy Ilapwkckas akagemus HayK OOBbSBUJIa KOHKYpPC Ha TEMY
CO3/IaHUsI MaTeMaTUYECKOM TEOPUH 3aKOHOB pacnpocTpaHeHus Tema. [lodeaureneM 3Toro KOHKypca
cran ®ypee Kan baruct XKozed (1768-1830 rr.). MiM OblIm HammcaHbl 3HAMEHUTHIE MEMYaphl 10

teopuu Teria B 1807 ., B 1811 . u B 1822 rony - Memyap « AHaIUTHYECKAs TCOPUS TEILIAY.

OIHMM U3 TEPBBIX MPUMEPOB NPWIOKECHUS MATEMaTHYECKOM TEOPUHM TEIUIOMPOBOAHOCTH,
pazButori Dypbe, K HU3YUYCHUIO SBJICHUM NPUPOABI SBIACTCA 3ajJada O PACHPOCTPAHCHUU

TCMIICPATYPHBIX BOJIH B I1I0YBC.



TemMneparypa Ha TMOBEPXHOCTH 3EMJIM HOCHUT SIPKO BBIPAXKECHHYIO CYTOYHYIO W TOJOBYIHO

NEepHOIMYHOCTh. bynem paccMarpuBarh MOYBY KaK  OJTHOPOJIHOE  IOJYINpPOCTpaHCTBO 0 < X < oo,

PaccmoTpuM mpoliecc pacnpoCTpaHECHUs MEPUOAUYECKUX KOJICOaHMM B IOYBE. 3aMETHM, YTO 3Ta
3a7a4a SBJISICTCS XapaKTEpHOM 3ajadeld 0€3 HaYaJbHBIX YCJIOBHH, MOCKOJIBKY MPHU MHOTOKPATHOM
MOBTOPECHUHU TEMIIEPATYPHOIO XO/a HA ITOBEPXHOCTHU MOYBHI BIUSIHUE HAa4aJdbHOW TeMmepaTryp Oyaer
MEHBIIIE, YEM BIWSIHUE JpyTrux (aKTOpoB, KOTOPBIMM MBI MOpeHeOperaeM (Hampumep,

HEOJHOPOJHOCTHIO MOYBHI).

3aMeTuM TAKKEC, 4YTO IIOCKOJIbKY O6J'IaCTB, B KOTOpOﬁ HIICTCA  PCIICHUC, ABJIACTCA
HeOFpaHquHHOﬁ, TO HOJIA 00eCIIEUECHHOCTH CANHCTBCHHOCTHU PCIICHUA ,Z[aHHOﬁ 3aa4u HGO6XOI[I/IMO

IIOCTABUTH YCJIOBHUC OI'PAHNYCHHOCTH PCIICHUAL.



[TocTtaHOBKA 3a71a41 UMEET CIIEAYOLINUN B, HaTH OrpaHnYeHHOE PELIEHUE YPABHEHUS

TCIIOMPOBOAHOCTH 8u & 2 u
A2

p a vl xe[0,00), te[0,),

YJIOBJIETBOPSIIOIIEE TPAHUYHOMY YCIIOBHIO

u(0,t)=Acosmt, te[0,x)

U YCIIOBUIO

‘U(X,t)‘é M Xe[O,oo), te[O,oo).

0.t) = Ae'™ .
3anumieMm rpannynoe ycnosue B Buge: U( U, 1) = A€ . U3 nuneliHoCTH ypaBHEHMS TCIJIOIPOBOIHOCTH

CICHYCT, 4TO HCﬁCTBHTGHBHaﬂ qaCTb €ro KOMIUICKCHOI'O PCIICHHUA  YAOBJICTBOPACT YCIOBHIO BHIA

u (O,t) = ACOSwt , a MHuMas — ycnoBuio Buga U (O,t) = AsIn wt.



bynem uckars peunieHue B BUIE

u(xt)=Ae™”",

ne «, [ — He OIpeleicHHbIE MI0KA NOCTOsHHBIE. [loncTaBnss naHHyr0 (GOpMyIly B ypaBHEHHUE

TCINIOIIPOBOIHOCTH U I'PAHHUYHBIC YCJIOBUC, ITOJIYYHUM

@t ==2p, f-
T ey

u(x,t)=Aexp|+ £x+| + £x+a)t

Orcrona




JleCTBUTEIbHASA YaCTh 3TOI0 PEIICHUS
0 0
u(xt)= Aexp| +,|=—5x |cos| &, | =X+ ot
2a 2a

YAOBJICTBOPACT YPABHCHHUIO TCIUIOIIPOBOAHOCTU M COOTBCTCTBYHOLHICMY I'PAHUYHOMY YCIIOBHIO. Tak
KaK YCJIOBHUIO 3aJa49Md YAOBJICTBOPIACT OI'PAHUYCHHOC PCHICHUC, TO OKOHYATCIIBHOC PCIICHHUC

YPAaBHCHHUA, MOACIUPYIOIICT'O TCMIICPATYPHBIC BOJIHBI 6yI[CT NMCTb

u(x,t)=Aexp| — 2—C§2x CoS z—zzx—a)t



AHAaJIU3 MOJIy4eHHOro pemieHusi. Ha oCHOBaHHMM MTOTY4YEHHOTO PENICHUSI MOKHO 1aTh TaKylo
XapaKTEPUCTUKY IMPOIEcca PacCIpOCTPAHEHUs TEMIIEpATyPHOM BOJIHBI B IT04YBE. Eciu Temmneparypa
MOBEPXHOCTH JUIUTEIBHOE BpEMS MIEPUOANYECKH MEHSIETCS, TO B IOYBE TAKKE YCTAaHABIUBAKOTCS

KOJICOAHUS TEMIIEPATYPHI C TEM K€ NEpUOAOM. IIpr 3TOM UMEIOT MECTO CIEAYIONINUE YTBEPKIACHMUS.

1, IlepBblii 3ak0H Dypbe. AMIUIUTYIA KOJICOAHUM YKCTTOHEHIIMAIBHO YOBIBAET C TITyOMHOM:

A(Xx) = Aexp| — Z_ZZX ,

TO €CTh, €CJIU IITyOMHBI PACTyT B apU(PMETUUECKOMN IMIPOrpeCcCUm, TO aMILIUTYAbl YOBIBAIOT B

r€OMETPUYECKON MPOTPECCUU



2. Bropoii 3akon ®@ypbe. TemrepaTypHble KoJ€cOaHHs B IIOYBE IMPOUCXOAAT CO CABUIOM (Pasbl.
Bpemss §  oTcTaBaHMs MaKCUMYMOB (MHHHMYMOB) TEMIIEpaTyphbl B II0YBE OT COOTBETCTBYIOIIUX

MOMEHTOB Ha TOBEPXHOCTH MPONOPIIMOHAIBHO INyOHHE!

1
5= |——x
2ma
3. Tpermii 3axkon Dypbe. [NyOMHAa NPOHUKHOBEHMS TEIUIA B TOYBY 3aBUCUT OT IE€PHUOJIA
KOJICOAHUS TEMIIEpaTypbl HA NOBEPXHOCTU. OTHOCUTENBLHOE U3MEHEHHUE TEMIIEPATYPHOU aMILIUTY/ IbI
pPaBHO
A(X)

Y exp| - @
A 2a’



Dta (hopMya MOKa3bIBAET, UTO YEM MEHbIIIE MEPUOJI, TEM MEHbIIIE DIyOWMHA TMPOHUKHOBECHUS

Temreparypsl. J{Js TeMIepaTrypHbIX KojeOaHuii ¢ nepuogamMu 1, I, moybumsr X, X,, Ha

KOTOPBIX IIPOUCXOAUT OANHAKOBOC OTHOCHUTCIBHOC HW3MCHCHHC TCMIICPATYPhbI, CBA3dHBI

COOTHOIICHHUCM

PaccMoTpuM B Ka4eCcTBE MpUMepa pe3ysbTaThl HAOIIOAECHUN Ha/l TOA0BBIMU TEMIEPATyPHBIMU

koneoanusmu (ctanius I'om B [Tpuamypse).

I N N O N W N

Amnautygpbl (rpag, C)



DTHU JJaHHBIEC TOKA3bIBAIOT, UTO aMIUIMTY/a TOJA0OBBIX KOJeOaHUM Ha rTyOuHe 4 M yMEHBIIIAETCs J10
13.3% cBoero 3Ha4yeHUs Ha MOBEPXHOCTH, paBHOTO 19,5°. Ha 0CHOBaHMM 3TUX JTAHHBIX MOKHO

2
onpeaeuTh KO3DPUIMEHT TEMIIEPaTypPOIIPOBOAHOCTH MOUYBbI A . Mcronb3ys GopMyIIbl

A(X) ) ) o X°
In =—|=—% a’= ,
A 2a° 2In*(A(x)/ A)

HAXOJMM, YTO KOd()(DHIIMEHT TEMIIEPATYPOIPOBOAHOCTH OYBHEI paBeH a° ~ 4-10cMm” / C.
Bpewms 3ana3abiBaHus] MAKCUMAJIBHOM TeMIEpaTryphl Ha ITyOuHe 4 M T0CTUTAET 4 MECSIIEB.

3ameuanue. PaccMOTpeHHAs TEOpUSI OTHOCUTCA K PACIIPOCTPAHEHUIO TEILIA B CYXOW IMOYBE WU
TOpHBIX TTopoAax. Haauuue BiIaru yciaoKHIET TEMIEpaTypHbIC SBICHUS B IIOYBE, U IIPHU 3aMEP3aHUM

MIPOUCXOJIUT BBIAECIIEHUE CKPBITOMN TEIUJIOTHI, HE YUUTHIBAEMOU JAHHOU MOZEIIBIO.



3) YpaBuenue nudg@py3uu

Ecnu cpena HepaBHOMEPHO 3aIOJHEHA Fa30M, TO UMEET MeCTO ero nud@y3ust u3 Mect ¢ dosee
BBICOKOW KOHIICHTPAIIMEH B MECTA C MEHBIIIEW KOHIICHTPAIIUEH. DTO KE SIBJICHUE UMEET MECTO U B

pacTBOpax, €CJIM KOHIEHTPALMS PACTBOPEHHOTO BEIIECTBA B 00bEME HEMTOCTOSIHHA.
PaccmoTpum nipouecc auddy3un B MojIoM TpyOKe WIK B TPyOKe, 3alI0JJHEHHOMN MOPUCTOMU CPEIOH.

IIpenmnosoxxum, 4to: 1) B JIF000OK MOMEHT BPEMEHU KOHIIEHTpAIHs ra3a (pacTBoOpa) Mo CEYECHUIO
TpyOKH OJJUHAKOBA (3TOM ciiydae mpouecc auddy3nm Moxer ObITh onucad (¢yHkuuen U (X, t),
MPEICTABISAIONICH COO0M KOHIEHTPALMIO B CCUCHUH X B MOMEHT BpeMeHHu t);  2) B TpyOKe HET

HMCTOYHUKOB BellecTBa; 3) auddy3us yepes CTEHKH TPYOKH OTCYTCTBYET.



BBenem 0003HaueHUs: t

D — kosddunuent muddysun; S — mromans ceuenus Tpyokw; W (x, t) — ImIoTHOCTH
auddy3MOHHOTO TOTOKA, paBHAsi Macce rasza, MpOTEKAIOIIEro 3a €AWHUIY BPEMEHU 4epe3 CIUHUILY
mwiomann; U(X, t) — KoHmeHTpamusa rasza (pactBopa); c(x) — KOI(PGUIHEHT MOPHCTOCTH, PaBHEIN

OTHOIICHHIO 00beMa MOp K MOJIHOMY 00beMy V, paBHOMY B HamieM ciaydae V=SdX.

3axon HepHcra. Macca rasa, IpoTeKaroIIero 4epe3 CeUeHHe X 3a IPOMEKYTOK BPEMEHU (t,t + At) ,

paBHa

dQ = —Da—u(x,t)Sdt —wsdt, w=-DM.
OX OX

KoaunuectBo raza Q B oobeme V paBHo Q=UV .



N3menenne macesi raza AQ Ha yuactke TpyOku (X, X+ AX) mpH W3MEHEHNH KOHIIEHTPAIMH Ha

X+ AX

AQ = j Aude

AU paBHO

VYpaBHeHME OajlaHCa MacChl ra3a Ha y4acTKe (X, X+ AX) 3a IPOMEKYTOK BPEMEHH (t, t+ At)

MMEET BU:
t+At
S I[ X + AX 8;J((X+Ax,r)—D(X)Z—;J((x,r)}dr:

X+AX

=S [ c(&)[u(&t+at)—u(&t) e



[IpumeHnsis popmyily CpeIHErO 3HaYEHUS B IPEAOI0KEHUU HEOOX0IMMOM IIaIKOCTH BXOJSIINX

GyHKIMNA 1 niepexoas k npeaeny npu Ax — 0, At — 0, nojayuum ypaBHeHue 1uddys3um:

202 ]-c(.

Ecnu koadunment nudPy3un nocTossHeH, TO ypaBHeHUE TU(Py3und UMEET BU:

2 2 D

u =aud a =—.

t XX 1

Ecnu ko3 unmeHT nmopucrtoct paseH 1, a kosddumnuenT guddy3uu MoCTOSHEH, TO -

u = Du

t XX "



4) Temneparypa TOHKOU NMPOBOJOKH, HATPEBAEMOM JICKTPUYECKUM TOKOM

PaccMOTprM TOHKYIO MPOBOJIOKY, HATPEBAEMYIO ITOCTOSSHHBIM JJIEKTPUUECKAM TOKOM. [Ipenmonoxum,
YTO Ha TOBEPXHOCTH IMPOBOJOKM MPOUCXOJUT KOHBEKTHUBHBIN TEIJIOOOMEH Mo 3akoHy HbloTOHa C
OKPYKAIOIIAM BO3yXOM, HMEIOIIUM HW3BECTHYIO Temreparypy. [Ipeamnosokum Takxke, 4YTO KOHIIBI

IIPOBOJIOKH 3aKaTbl B MACCHUBHBIC KJIICMMbI C BaﬂaHHOﬁ TEIDIOEMKOCTBEIO M O4YEHL OOJBIION

TCILJIOMPOBOIHOCTHIO.
OGo3nauenns: 1) 3° — kod>DHUIMEHT  TEMIIEPATyPOIPOBOIHOCTH; 2) k-  xosddunment
TEIIONPOBOIHOCTH; 3) L — INIOTHOCTH, 4) S — mjomanpr HONEPEUHOrO CEUCHHMS; D) ¢ — yaeabHas

TEINIOEMKOCTh, 6) 4 — KOA(D(PHUIMEHT TEINIOOOMEHA MEXKIY IMOBEPXHOCTBIO CTEPIKHS M OKPY KaIOIICH

cpenoii; 7) p — mepuMeTp monepeyHoro ceueHus crepxkus; 8) C;, C, — TemIoeMKOCTh KJIESMM.



Jl1s monydenus aud@epeHInanbHOro ypaBHEeHHS pacCMOTPUM YpaBHEHHE OajlaHca Terlia I
meMeHTa (X, X+ AX) MpoBOA.

[IpupaiiieHue Teruia 3a €AMHUIYY BPEMEHU PABHO

AQ, = COAX—.
Q =Cp p

DTO IpUpallCHUE TEIJIa CKIAbIBACTCS U3 CICAYIOIINX COTABIISIIOIINX.

a) KoanuecTBo Temia, IOCTYIUBIIETO B BbIJICJCHHBIN 3JIEMEHT 3a €AMHUIlY BPEMEHM Yepe3

ceuenusts X u X+ AX:

ou
AQ, =Sk &
Q: OX

+Ska—u

OX

X X+AX

Bb100p 3HAKOB B IpaBoii yacTu (POpMYIIbl OIPEASISICTCS CICAYIOIMUM 00pa3oM.



bynem cumtarh, 4T0 X+ AX>X  (3TO, OUESBHAHO, HE HApPYyIIAST OOITHOCTH paccykacHuil). Eciau
Ha TOpIIE X BBIJEICHHOTO 3JIEeMEHTa OyJeT % >0, TO B TOUKaX, JEKAIIUX IIpaBee TOpla (TO €CTh
BHYTpHU 2JIEMEHTA), TeMIlepaTypa OyJeT BbIIIE, UeM B TOYKaX JIeKallUX JeBee Toplia (TO €CTh BHE
AJIEMEHTA), TEIJIO OyJdeT BBhITEKaTh M3 AJIEMEHTA M, CJeA0BaTeIbHO, IEPBBIA YICH B IPaBOM 4acTu
nociyieaHed popmysibl HYy’)KHO OpaTh CO 3HAaKOM MUHYC. Ecnm xe g—y( <0, 10 Temneparypa JieBee Topua
OoJIbIIIe, YeM TEMIIepaTypa IpaBee Topila, IIO3TOMY TEILIO OyAeT BTEKAaTh B CTEPKEHb, IIEPBLINA YJICH
CyMMbI B MpaBoOMl 4acTu (POpMyJibl JOIKEH OBITh MOJIOKUTEIBbHBIM M, CIIEIOBATENIbHO, IEPEIHUM

CHOBa JOJKEH CTOSITh 3HAK MHUHYC. AHAJIOTUYHO MPOBEPSETCS 3HAK IMPU BTOPOM YJIEHE B MPABOU

4acTh (POPMYJIBI.

0) IloTtoxk Temiga 4epe3 OOKOBYHD MOBEPXHOCTb MPOBOAA, BCJIECACTBHE HECOBEPIICHCTBA

TCIIOU30JSIIUH, PABCH.



TCILJIO
AQ, =—a pAx(u—uy).

Bb100p 3HaKa B MpaBOW YaCcTHU OYEBUJIEH, TaK Kak mpu U > U, Temio BeITEKAET U3 MTPOBOAA, a MIPU

U <U, — BTE€KaeT B IPOBOJ.

B) KomnuecTBo TeIUIa, BBIACIAEMOE HA JAHHOM YYacTKE BCJEJACTBHUE MPOXOXKICHUS TOKA
onpenessercs 3akoHoM J[koyia- JIeHna, cormacHo KOTOPOMY KOJIMYECTBA TEIUIA, BBIICIAIOLIETOCS B
CAUHUIY BPEMEHU B BBIJICJICHHOM DJJIEMEHTE MPOBOAHUKA MPU IPOXOXKICHUU YEPE3 HErO

JICKTPHUYCCKOI'0O TOKA, IPOIOPIHUOHAIIBHO KBaApaTy CUJIbI TOKA XU COIIPOTHUBICHUIO IIPOBOIHHKA.

AQ, = BI°RAX,

rie [ — xodpdummeHt nponopruroHaIbHOCTH.



VYpaBHeHue OajlaHca Temia UMEeT CIICTYIOIIUN BUI;
AQ, = AQ, + AQ, +AQ,.

[ToxcraBiistst COOTBETCTBYIOIIME BhIpaXkeHus, Aeisd Ha AX u nmepexozs K mpeaeiry upu AX — 0,

[OJIYYUM OKOHYATEJIbHOE YPABHEHUE:

2
ut:LuXX—a—p(u—u )+’BI R

Co COS ° cpS

J{1s monydeHus MOJHOM JeTEpMUHHUPOBAHHOMN IubpepeHIInaIbHON MOIEIH HEO0X0IMMO K
MOJIYYEHHOMY YPABHEHHUIO JI00ABUTh OJHO HAYaIbHOE U JIBA FPAHUYHBIX YCJIOBHUS (HA JIEBOM U

IPaBOM KOHIIaX MPOBOAA).



HavanbHo-KpaeBas 3aga4a, MOACIUPYIOMIAS MPOLIECC PACIIPOCTPAHEHU TEILIA B IIPOBOJIOKE, UMEET
CJICAYIOLIMMN BUJ;

( 2
ut:Lu _“_p( —u0)+'8| R
s, CoS CoS

cu, (0,t) =—kSu, (0,t), c,u,(1,t)=kSu,(I,t), te(0,:),

u(x,0)=f(x), xe(0,1).

. xe(0,1), te(0,),

i




5) YpaBHenue byccunecka. 3ajauya 0 HABOAHEHUH

[IpennonoxxuM, 4YTO PAJOM C HACEICHHBIM ITYHKTOM PACIOJI0XEH BOAOEM, IO/
KOTOPBIMH HAXOAWUTCA T'MJIPOYIOPHBIM cliok (rmuHa). BBemeM AeKapTOBYy CHCTEMY
KoopauHaT (X,Z), OCh X KOTOPOM HAaIpaBHM BIOJIb ITOBEPXHOCTH BOJOEMa, a OCh Z
MEPIIEHAUKYISIPHO OTOM TMOBEPXHOCTU. I[Ipenmosioxkum, YTO HACEJIEHHBIM MYHKT
HaxoauTcss B obmactu X=>0, B KOTOpPOH YypOBEHb T'PYHTOBOM BOJIbI HaJl THIPOYIIOPOM
onuckiBaercs Gynkmuen U(X1). Bomoem 3anumaer obmacts X<0. Ilycth k MmomeHty =0
BOJAa B BOJOEME MOAHSIIACH 10 OTMETKM Z=0 U mnpoaoKaeT NpeObIBaTh MO 3aKOHY
u(0,t)=kt. Borpoc: HackoJabKO OBICTPO BOAA IOMIET AO HACCICHHOIO IyHKTA, HMCIOIIETO

KOOpAMHATY X=L, eclii HaceJIeHHBIN ITyHKT PacIoJIOKEeH HaJl THAPOYIIOPOM Ha BeIcoTe h?



[loryauMm ypaBHEHME, ONUCHIBAIOIIIEE N3MEHEHUE YPOBHS IPYHTOBBIX BOJ

HaJl TUIPOYIIOPOM.

[ImotHOCTE d TOPU3OHTAIBLHOIO MTOTOKA BOJBI PABHA

oP
--D— |
| OX

riae P — naBnenue, a D — ko3 pUIIMEHT MPOBOAUMOCTH CPE/IbI.

JlaBiienue Ha BeIcOTE Z, rae 0<z<U paBHO

P(z)=pg(u-z),

rac ,0 - INIOTHOCTH BOAHEI.

u(xt)



CHCHOB&TGHBHO, INIOTHOCTBb I'OPHU30OHTAJIBHOI'O IIOTOKA BO/IbI q paBHaA

ou
— _Dpag—
g LY PW

u He 3aBUCUT 0T Z. Koaddumnuent D onpenensercs cBoiicTBaMu rpyHTa.

[TonHbBINA TOTOK, UIYIIHN YEPE3 CEYECHHE, OYIET paBeH

ou
Q=-Dpgu—.
OX
HMHTerpanbHoe ypaBHEHME OajlaHca  BOJBI B CJIOE, 3aKIOUEHHOM MEXKIY

ceuenusamu X u X + AX 3a mpoMexXyTOK BpeMeHH OT MOMeHTa t 10 t + At |, Oyner uMeTh

CJICAYIOIINN BU;



— J' Dpg [u(x+Ax,r) 8u(x;rXAx,r) —u(x,7) M g)((’r)]dr,

rie € - Ko3pGUIUEHT MOPUCTOCTHU (ITOPO3HOCTE) cpeanl. M3 ypaBHeHuss npu AX — 0,

At — 0 mosiydaeM ypaBHeHue byccunecka:

Dog
. (uux)x.

U, =



YpaBHeHUE byCCUHECKA ONMUCHIBAET BHICOTY YPOBHS IPYHTOBBIX BOJ HAJL
TUIPOYTIOPOM.

Cnenaem 3aME€HY NTEPEMEHHBIX

K
Dpg Dpg

B HOBBIX IEpeMEHHBIX 3a7a4a UMEET CICAYIOIINN BU/I:

r

u, =(uu,) , x>0, >0,

4 X

7u(x,0)=0, x>0,

\U(O,Z‘) =Kz, 720.




OmguuM  u3  3(PEKTUBHBIX  CIIOCOOOB  MCCJEAOBAHUS  HEJIMHEWHBIX
muddepeHnaIbHbIX YPaBHEHHM B YaCTHBIX IPOU3BOJHBIX SIBISETCS METO/I
MOCTPOCHUS YACTHBIX PEIICHHUI dTUX YpaBHEHUM, Ha3bIBAEMBIX aBTOMO/ICIbHBIMHU

PEILICHUSIMU.

ABTOMOJICJIBHBIMH ~ PEIICHUSIMU ~ HEJIIMHEWHOTO YPAaBHEHUS B  YaCTHBIX
MPOU3BOAHBIX MbI OyJ€M Ha3bIBATh TAKHUE €T0 YACTHBIE PEIICHUS CHEIHAIbHOTO
BHJIa, KOTOPbIE MOTYT OBITh IMOJYYEHbI IIYTEM HWHTETPUPOBAHUS HEKOTOPBIX
OOBIKHOBEHHBIX JU(DPEPEHIUATBHBIX YPABHEHUH, ApTYMEHTBI HCKOMBIX (DYHKIIHIA

KOTOPBIX MPEACTABISIOT COO0OM KOMOMHAIIMIO HE3aBUCUMBIX ITIEPEMEHHBIX X U t.

OnHO HEeTUHEHHOE YPaBHEHHUE MOXKET 00J1adaTh IEJbIM PSJIOM aBTOMOJICIIBHBIX

PEUIECHUH, OTPAXKAFOIIMX PA3JIMUYHBIE CBOWCTBA €TI0 PEIICHUS.



[TocTporM aBTOMOEIBLHOE PEIICHUE pacCMaTpHUBAEMOM 3a/1a4d B BUJE OCTYyIIEH BOJIHBI:

u=f(vc—x), vr—x>0,

u=_0, v —X<0,
A€ V - IOCTOSHHAsA CKOPOCTh, KOTOPYIO HY’>KHO OIIPEAEIINTD.

[lomcTtaBUB  HAaHHOE BBIPAXECHUE B IIEPBOC YPABHEHHUE CUCTEMBI,  ITOJYYUM

OOBIKHOBEHHOE JAU(DPPEPEHIUAIBHOE YpPAaBHEHUE JIUIA ONpeAcicHus]  (QyHKIHAU

f(a), a=vr—x:

v = (Y.
HNurterpupyem noimyueHHoe ypaBHenue ot 0 g0 o > O:

vi=ff"

OTKyJIa

f'=v.



Bux ¢pyskiun  f Haxomum u3 rpaHUYHOrO yCIOBHSE:

u(O,r): Kr=f (VZ'—O).

Otcroma

[Tockoneky f' =y 1O 5:]/ ny=+JK ,a f(a)za\/K

|4

Penienue nmocraBineHHoun 3aJa4yl UMEET BUII;

Ju(x,z'): Kz'—\/EX, X<\/Rr,
\U(X,T)ZO, XZ\/ET.




HaBogneHnue nouaer 10 HACEIEHHOIO IIyHKTa B MOMEHT T, KOTOPBIU

onpecacirsICTCA paBCHCTBOM

h = KT—\/EL.



6) Ilapadoaunyeckoe npuOINKEeHHUE

VYpaBHEeHUSIMU T1apaOOJIUYECKOIO TUIA OMUCHIBAKOTCS MPOIECCHI, CBSI3aHHBIE C PACTPOCTPAHECHUEM
Tteria. K HUM Takke MPUBOJIMUT paccMOTpeHue mnporeccoB naud@ysun. OgHako B psae CllydyaeB U
IPOIECCHl  PACHPOCTPAHECHUSI AJIEKTPOMArHUTHBIX BOJH MOTYT ONHUCHIBATHCS YPABHCHUSIMU
napadoJIM4eckoro Tuma. B 3TOM  cioy4ae TOBOpAT, YTO IMPOLECCHl  PACHPOCTPAHEHUSA

AJIEKTPOMATHUTHBIX BOJH PACCMATPUBAIOTCHA B NAPad0JIuuYeCKOM NPUOIHKEHUMN.

[Ipu paccMOTpeHHH 3ajad il ypaBHEHUM THUIEpOOIMYECKOrO THUIA Mbl BBISICHWUIW, YTO B
JIEKapTOBOM MPSIMOYTOJIbHOW CHCTEME KOOPJAMHAT KOMIIOHEHTHI mnojiei H u E ymoBieTBopsioT

ypaBHEHHUIO KoJieOaHM
o’'u  ou
—+a—=a’Au+ f (M, 1),
ot ot



Ecin npeanoyio)kuTh rapMOHUYECKYIO 3aBUCHMOCTD OT BPEMEHHU (YCTAaHOBUBIIIMECS KOJICOAHMS),

xorma U(M,t)=v(M)e™™, o momyuaercs, uto

2
ou o°u 5
8— ~ U, ? ~ @ U.
Ecm @ < X, 10 ecTh £, K O, 49TO 03HAYACT, YTO TOKH CMCIICHU IPEHEOPEIKUMO MaJbl 110
CPaBHCHHUIO C TOKaMU IMMPOBOAMMOCTH, TO IIpeHeOperas BTOPOM MPOM3BOIHO 110 BpEMEHH, TO €CTh
TOKaMM CMEIICHHUS, MBI IPUXOIUM K YPaBHEHHIO ITapaOdO0InyeCKOro TUIa

2
N_B purlf(Mt).
ot « o




4, CTanmoHapHbIe MPOIECCHI

CTaI_[I/IOHapHI)Ie IMpoUCCChbl OIIMCBIBAXOTCA YPABHCHUAMU IJJUIMIITUYCCKOIO THIIA, B KOTOPLIC HC

BXOOUT BpeMs. [I03TOMY 111 HUX CTaBATCS HE HAYAJIbHO-KPAEBBIC, a KPACBbIC 3aJa4H.
1) CtanmuonapHoe pacnpeaejeHne Tenja

Ecin B HEKOTOpOW CHCTEME IJIOTHOCTh MCTOYHHMKOB (CTOKOB) T€IJIa HE 3aBHCUT OT BPEMEHHU H
IPAHUYHBIC YCJIOBHUS TAKXKE HE 3aBUCAT OT BPEMEHHU, TO C TEUEHUEM BPEMEHU B TAKOU CHUCTEME
YCTAHOBUTCSI HEKOTOPOE MOCTOSHHOE PACHPEAEIEHUE TEIUIa, TO €CTh CUCTEMA OYIET BBIXOIWTH Ha
CTallMOHAPHBIN pexuM. PacmpeneneHue TeMmeparypbl B Takoul cUCTeMe OyIeT OIUCBhIBATHCS
YPaBHEHUSMU JJUIMOTUYECKOTO TUIA, KOTOPOE MOXHO MOJIYYUTh U3 YPABHEHUS TEIUIONPOBOAHOCTH

MapaboJIMYECKOro TUIIA, YUUTHIBAs, UTO

u(M,t)=u(M). 2_‘:20, f(M,t)=f(M).



CranmoHapHO€ YPAaBHEHHUE TEILIONPOBOJIHOCTH MPUMET BUJ
div(k(M)grad u(M))=—f(M).
FpaHI/IIIHBIe YCJIOBUA CTABATCA TAK KC, KaK U JJIs1 YPABHCHUA TCINNIOIIPOBOIHOCTH.

B cirydae nocrossHHOrO Koo dunrenta k(M )=k, HEOAHOPOIHOE CTAIIHOHAPHOE yPABHEHHE

TEIJIOMPOBOIHOCTH NEPEXOAUT B ypaBHeHUE [Iyaccona

AU(M)=F (M), F(M):kif(m),

0

a OJIHOPOJTHOE CTAIMOHAPHOE YPABHEHUE TEIIONPOBOIHOCTH MEPEXOAUT B YpaBHEeHUE Jlamiaca

Au(M)=0.



2) 3aga4u 3JIeKTPOCTATHKH

B anekTpocTratiueckoMm ciiydae u3 ypaBHEeHU Makcseiia rnojrydyaem:

rotE(M)=0 = E(M)=-grad u(M).

3nech BBeneHa ckasipHas yHkius U(M) Takum oOpa3oM, 4To ypaBHEeHHE Ot E ( M ) =0

BBITIOJIHSIETCS aBTOMaTndecku. Ecnn TCIICPb BOCIIOJIBb30BATbHCA JTUBCPICHTHBIM YPAaBHCHHUCM

div(s(M)E(M))=p(M),

TO ONPUXOAUM K YPABHEHUIO 3JIEKTPOCTATUKHU

div(e(M)grad u(M))=-p(M).



B cayyae moctosstHHOrO ko3¢ duimenra g(I\/I ) = &, MBI CHOBa 1oirydaeM ypaBHenue Ilyaccona

1
AU(M)==F (M), f(M)==p(M)
U ypaBHeHue Jlaruiaca ’

Au(M)=0.
3) YcraHoBUBIIHECS KOJIeOaHUS

Ecnu Ha cucteMy, 00J1aAaroNyto 3aTyXaHueM, JEUCTBYET MEPUOIMYECKast BEIHYKIAIOIIAs CHJIa C
4aCTOTOW €¢I C TEYEHUEM BPEMEHU B CUCTEME YCTAaHABIMBAIOTCS KOJIEOAHUS C YaCTOTOM

BBIHYKJIAI0IEN CUIbl (D .



VYpaBHeHUE KOI€OaHUM IS JUCCUMATUBHOM CpeJibl UMEET BU:
2
U, +au, =a*Au+F (M,t),

rac

F(M,t)=F(M)e™ u(M,t)=U(M)e™".

OTcrofa moay4Jaem (—0)2 — iaa))U (M) = a’AU +F (M)

> +iaw

a?

1, BBOAS 0003HAaYCHHE K° = IMIPUXOJINM K YPAaBHEHUIO [ €IbMTOJIbIIA

AU +k2U = f (M),



4) YcTaHOBHBIIHECS )JIEKTPOMATHUTHBIE KOJIeOaHUs

[Tonyunm Tenepb YpaBHEHHE, OMTUCHIBAIOIIEE YCTAHOBUBIIIHUECS AJIEKTPOMArHUTHBIEC KOJICOaHMUs.
VYpaBHEHHE NOJIYYUM JIJI1 U30TPOITHOM U OAHOPOJHOM CPe/bl, CBOOOTHON OT CTOPOHHUX TOKOB U
=\ CT
3apsnoB. Takum obpasom, nmeeM &, = CONSt, 1, =CONSt, p = 0, J( ) = O wucucrema
ypaBHEeHU MakcBeia IpuMeT BUI:

-

rotH = ¢, e +oE,
ot
oH
rotE = -, —,
3 H, ot
divE =0,
divB =0.




Ipeanonoxum, uto gpyrxupu  E(M,t), H(M,t) zaBucst ot BpeMeHH M0 rapMOHIYECKOMY
3aKOHY:

E(M,t)=E;(M)e™ H(M,t)=H,(M)e™".

Cucrema ypaBHeHHN MakcBeia MPUMET CIICAYIONAN BU/T;

rotH, = —iwe, E, —iwcE, = —ia)(ga +1 %) E, =-lw¢,E,,
rotE, =lowu,H,,

divg, =0,

(divH, =0.

N

IYI(S Ea =& +1& — xoMmiulekcHas aGCONOTHAS JUAIEKTPUYECKAS IPOHUIAEMOCTD.



[TonercTByeEM Ha NIEPBOE YPABHEHUE CUCTEMBI ONIEpaTOPOM [Ot:

rot rotH, = grad divH, - V°H, = —iwé rotE, = 0°s, 1 H,.

2 2 ~
O6o3Hauas K~ = @ &, H, , TOIYYUM OJHOPOIHOE BEKTOPHOE YPAaBHEHUE ['enmbmronpia:

V?H, +k’H, =0.

AHaNOrUYHBIM 00Pa30M MOTyYaeTcsl BEKTOPHOE ypaBHeHHe [enbMromnbiia uist Gynknun £ 0 ( M ) )

V’E, +k°E, =0.



5) IlocTaHOBKA KpaeBoii 3a1a4u

OTianune B NOCTAaHOBKE KpacCBbIX 3a1a4 AJIA ypaBHeHI/Iﬁ QJUIMIITHYCCKOI'O TUIIA, OIIMChIBAOIIINX
CTAIMOHAPHBIC ITPOOCCChI, OT HAYAJIbHO-KPACBbLIX 3a1a4 IJIs ypaBHeHI/Iﬁ I‘I/IHGP6OJII/I‘I6CKOI‘O H
Hapa60queCI<oro THUIIOB 3aKJIHOYACTCs B OTCYTCTBHUH HAYAJIbHBIX YCJIOBI/Iﬁ. KpaeBa;{ 3aZa4da B

obmactu D=DUS wumeer cienyrommii Bu:

div(k(M)grad u)=—f (M), M eD,

a(P)aua(nP)+,B(P)U(P)=y(P), pes.

.

.



Ecnmu D — BHemHss 001acThb, TO 11 TOTO, UTOOBI PEIICHUE ObLIIO €IMHCTBEHHBIM, HEOOXOAUMO

100aBUTH YCIIOBUS HA OECKOHEYHOCTHU. B 4acTHOCTH, €CJIM 3a7jada CTABUTCSI BO BCEM IIPOCTPAHCTBE
[R 3, TO CTaBATCS TOJIBKO YCIOBHS HA OECKOHEYHOCTH.

Onpenenenne. Oyuxuus U ( M ) HA3bIBAETCA KIIACCUYECKUM PELICHUEM IMOCTABICHHON KPaeBOU

3a7]a4M, €CJIM OHa 00JIafaeT CIACAYIOIUMU CBOMCTBAMU:

1) nBakapl HempepbslBHO aHddepeHnupyemMa B 00JacTh D U OJIMH pPa3 HENPEPHIBHO

mbdepenmmpyema B oomactt D@ U ( M ) eCc®? ( D) ncw ( [_)),
2) ynoBieTBopsieT B oomact D ypaBHEHHIO B KJIaCCHUYECKOM CMBICIIC;

3) HEMPEPBIBHO MPUMBIKAET K TPAHUYHOMY YCIIOBHIO.



6) IlocTaHOBKA YCJIOBHUH HA 0€CKOHEYHOCTH

B ciiydae pemieHuss BHEMIHUX KPAECBBIX 3a7a4 JUJI1 YPABHEHUW 3JUIMNTAYECKOTO THUIIA JIOCTATOYHO
CJIOKHOM TIPOOJIEMOM SIBIIAETCS TMOCTAHOBKA TPAHWUYHBIX YCIOBUH Ha OECKOHEYHOCTH, KOTOPHIE

00€CIEUNBAIOT EIUHCTBEHHOCTD PEIICHUS KPACBOW 3a1a4H.

B ciiydae BHEIIHUX KpaeBbIX 3ajia4 s ypaBHEeHUA Jlamiaca sTa npobiemMa pemraeTcs 10CTaTOYHO

IPOCTO: PEIICHUE TOJKHO ObITh PETYJISIPHBIM Ha OECKOHEUYHOCTH.

OyHKIMS TpeX NepeMEHHbIX U (X, Y, Z) HA3bIBACTCA PETYISIPHON HA OECKOHEYHOCTH, €CIIH TIPU

nocrarouno 6omemoM P = R wveror Mecto omenku:

u| < < <

r' o lox|”r2" oyl 2 |ez| T r?

A |oul A |oul A |ou|l A
u <



OyHkmsa U (X, y) Ha3bIBA€TCSI TapMOHMYECKOM B 00jacCtu D, ecim oHa ABaXKIbl HEIPEPHIBHO

nuddepeHipyema B 3Tol 001acTu 1 ynoBiaeTBopseT B D ypaBHenuro Jlamnaca: uec® (D) :

Au(m)=0,m e D.

Ecnu B TpexMepHOM ciiydyae ()YHKIHS SIBISETCS TapMOHHUYECKOM BO BHEIIHEH IO OTHOIICHUIO K

3aMKHYTOM ITOBEPXHOCTH S 001acTu D 1 paBHOMEPHO CXOAUTCS K HYIIHO Ha OECKOHEYHOCTH, TO OHA

peryispHa Ha OECKOHEYHOCTH. Takum 00pas3oMm st ypaBHEeHUs Jlarmaca BHEIIHSA KpaeBas 3aja4a B

obmacru D, =DuUS craButcsa cremyommm o6pasom:
(AU(M)=0, M(x,y,2)eD
u(m)=0, m(x,y,z)eS,

u ( M ) PABHOMEPHO CXOAUTCS K HYJIIO HA OECKOHEYHOCTH.
\

e1

N




OyHKIMS JBYX IEPEMEHHBIX ) (X, y) HA3bIBACTCA PETYISPHON HA OECKOHEYHOCTH €CJIM OHA UMEET

KOHEUHBIH IIpe/ie] Ha OECKOHEYHOCTH.

IToaTOMY B ABYMEpPHOM Cilydae sl 00eCiedeHUs €IMHCTBEHHOCTH PEIICHUS BHEIITHEH KpaeBOM
3a7a4M I ypaBHEHUs Jlamiaca J0CcTaTOYHO MOTPeOOBaTh OFPAHMYEHHOCTH PEIICHUS] BO BHEIIHEH

00JIaCTH.

bonee ci10XKHBIM SBIISIECTCS BOIIPOC O BbBIACIICHUU CANMHCTBCHHOI'O pPCIICHUA YPaBHCHUS

['enbMIOIIBIIA C BEIIECTBEHHBIM KO3 (PUIITUSHTOM k2 >0:
Au+k°u=0
BO BHEIIIHEM 00JIaCTH B TPEXMEPHOM ClIydae.
PaccMoTpuM yacTHbIN ciiydaid  cheprYecKd  CUMMETPHUYHBIX pEIICHUH u=u (r)

OTHOPOJIHOTO ypaBHEHUH I ebMroJibLa.



VYpaBHeHue [ enbMrosbiia B 3TOM ciydae OyJ1leT UMETh BUJL;

izi(ﬁ 8_uj+ k?u = 0.
re or or

[Tomoxum V = ru. Torma mis pyHkiuu V ( r ) [10JIy4aeM YpaBHEHUE:
V' (r)+k*v(r)=0,
o0111ee pelIeHre KOTOPOro MMEET CIICAYIOIIUIA BU/
v(r)=Ce" +C,e™,

u 1 pyHKIuu U (r) OKOHYATEJIBHO MOJIyYaeM:

eikr e—ikr
U(I’) :ClT‘l'CZ T



I[J'I}I CANMHCTBCHHOCTH PCIHICHUA 3a/1da91 HaAM HCO6XOI[I/IMO BbIAC/IMTL OAHO PCIICHHUC, NMCIOIICC

buzndeckuid cMbici. CI0KHOCTh 3aKJIIOYACTCSI B TOM, YTO B CJIydae BEIIECTBEHHOTO Kod(duiieHTa

2
K= > O wyacrHble penieHns oJJMHAKOBO BeyT ce0s Ha 66 CKOHEYHOCTH:

ikr —ikr
e 0 1 e 0 1
_— \J _— ’ — ~ - []
r —\r r —\r
[ToaToMy TpeOOBaHHE PABHOMEPHOI'O CTPEMJICHHUS PEIICHUST K HYJIIO  Ha OECKOHEYHOCTH,

00eCIeunBarOIIEee €IMHCTBEHHOCTh PEIICHUS B Cilydae ypaBHeHHUs Jlamiaca B TpeXMEpHOM cilydae, B
2

ciydae ypaBHeHus Lenpmronbna ¢ koabdummentom K- > (0 yxe  HemocTarouHo A

€AMHCTBCHHOCTH PEIICHUS BHEIIHEN KpaeBol 3agaun. HeoOxogumo 0Oosiee  TOHKOE — YCIIOBHE,

y4YUTBIBaroIIee (pa3oBbIE pa3Inyus ABYX PEIICHUM.



DTO ycloBHUE ObLIO MPEII0KEHO HEMELKUM (DU3UKOM APHOJIBAOM 30MMEp(EIbIOM.

[Ipexae Bcero 3aMeTUM, 4TO (PU3MYECKHUI CMBICT UMEIOT BBIPAXKEHUS

ikr —ikr
u(x,t)= eTe“”t, u™(x,t) = eTe““)t,

IPEJICTABISIONINE COOOM CXOMSAIIMECS U pacXoasinuecs chepuuecKrue BOIHBI IPU JaHHOM BBIOOpE

BPEMEHHOM 3aBUCHUMOCTU: € .

IIpu BeIIENCHNN (PU3HMUYECKH 0OOCHOBAHHOM BOJHBI HEOOXOIMMO OTOPOCHUTH BOJIHY, MPUXOISIIYIO

n3 0eckoneyHoctu (Bosny U ).

I[J'IH IIPOCTOTHI 6yz[eM CUUTAaThb, 4TO TOYCYHBIM UCTOYHUK HaxoOUTCsa B Ha4aJiC I[GK&pTOBOﬁ

IPAMOYTOJIBHOM CUCTEMBI KOOPIUHAT.



v (r)==—
BBenem 0003HaueHmneE r ' Torga nmosryyaem:
dVi _ eirikr eirikr _ — 1
— =ik ———==ikv* +0| = |.
dr r r r

Pacxonsuieiics chepuueckoii Bone coorserctyer V' (M), a cxonsieiics -

v (M).

CnenoBarenbHO, pacxoAsiascs ceprudeckas BoJIHA JOKHA YIOBIETBOPSThH
w _. t L]
COOTHOILIEHHIO (IIPY BPEMEHHOM 3aBUCUMOCTH €' ):

M iku = g(ij u=v-(M)e',
or r

a CXOOdIascs - COOTHOIIEHUTO

M ik :;(1) u=v (M)e™.
or r



Takum oOpazom, peIoKeHHbIe 30MMeP(PEIbI0M YCIOBUSIM U3IIYUYCHHUS_B TPEXMEPHOM

ClIy4ae UMEIOT CICAYIOIUN BUJ;

u(M)=0(yr),

ou . =(1j
——1ku=o0| = |.
or r

JI1s1 IByMEpHBIX 3a/1a4 YCIOBUS M3IydeHUs:_3oMMepdelba 3alIMChIBAIOTCS CISTYIOIIUM

o0pazom:

u(M)=0(¥/Vr)

|imﬁ(8—“— ikuj - 0.
—o0 ar



B TpexMepHOM ciiyyae IMOCTaHOBKA BHEIIHEN KPACBOU 3aJ1a4u JJ1d ypaBHEHUs [ eibMrosibia ¢
, 5 _
BelecTBeHHEIM Koo dummentom K >0 Bo BHemHel obmacTu D,=D,uUS  wumeer

CJICAYIOILIMMN BU;

(Au+k2u:0, M(x,y z)E De,
u(m)=g(m), mes,

Coserckuri marematuk M.H. Bekya mnoxkaszai, 4To mnepBO€ YCIOBUE H3IYUYCHUSA SIBISICTCSA

CICACTBUCM BTOPOI'O YCJIOBHAI.



HeTpyaHo moka3arb, 4TO yCIOBUS U3TydeHHUs 3oMMepQeibaa COXPAHIIOT CBOM BUA U ISl Cllydas

HCCOBIIaAACHMWA NCTOYHHUKA C HAYAJIOM KOOPAHWHAT.

Crnenyer OTMETUTh, YTO JJIi HEOTPAHWYEHHBIX OOJIACTEHW, HE COBMNAJAIOIIUX CO BCEM
IPOCTPAHCTBOM, YCJIOBUSA Ha OECKOHEYHOCTH MOTYT UMETh (hOpMY, OTIUYHYIO OT TOM, KOTOpasi ObLia

npeaoxeHa A. 3oMmMepQernbaoM.

Takum o0Opa3zom TMeEpBOE HW BTOPOE YCIOBUA U3JIy4YeHUd 3oMMepdenbaa NpeacTaBIsiOT
AHAIUTUYECKYIO (OpPMY JUIi HEOTPAHUYEHHOIO MPOCTPAHCTBA M HE OCHOBAaHbI HAa (PU3UUYECKOM

PUHIIUIIE, KOTOPBIM IMO3BOJIMI Obl COOPMYIUPOBATH 3TH YCJIOBHUS A oOJlacTer 0ojiee CIOXKHOMU
(OpMBL.

B kadecTtBe IIpuUMCpPOB YCJIOBI/II;'I 1 BBIACJICHHUA CAMHCTBCHHOI'O PCIICHHUSA YPABHCHHSI
FGJII)MFOJ'H)H& MOKHO IIPHUBCCTU IIPHUHOUITI IIPCACIBHOI'O IIOITIOIICHUWA, JIIPHUHITUII HpeﬂGHBHOﬁ

aMIUTATYAbI, IAPLUHUAIIGHBIE YCIIOBUS U3JIYUYEHUS U PAL IPYTUX.



7) MaremMaTH4ecKoe MOAEJTHPOBAHHE BOJTHOBEIYIINX CHCTEM

M3ayyaTenn KOHEYHBIX Pa3MEPOB, PACHONIOKEHHBIE B CBOOOZHOM IIPOCTPAHCTBE, BO30YKIAIOT
AJNIEKTPOMArHUTHOE TI0JIE, PacCIpOCTpaHsIomieecss IO BceM HampaBiieHUsM. OJIHAKO SHEPTUro
AJIEKTPOMArHUTHOIO MOJISI YACTO HEOOXOMMO IepeaaBarTh OT M3JIydarens (Bo30yauTeNs) K Harpy3Ke
TaKk, 4YTOObI OHA HE paccerBajach B MPOCTPAHCTBE, a MO BO3MOXXHOCTHU IICJIMKOM IMOCTyHajaa B
Harpys3Ky, Uil 4ero OHa JOKHA OBITh JIOKAJIM30BaHa B YaCTH MPOCTPAHCTBA — OMNPEACICHHOM
KaHajie. B KadyecTBe Takux KaHAJOB HCHOJIB3YIOTCS BOJIHOBeAylUe (HANPaBJISIONIME) CHCTEMBI.

OcHOBOM JIFOOOH BOJTHOBEAYIIEH CUCTEMBI SIBISIFOTCS BOJTHOBO/bI.

BoIHOBOA — 3TO CHEUAIBHOE YCTPOMCTBO WJIM KaHAJl B HEOJHOPOIHOU CpEJE, B KOTOPOM MOTYT
pPacOpOCTPAHATLCS BOJIHBI PA3IMYHONM TPUPOABI. aKyCTMYECKHE (B aKyCTUYECKHX BOJIHOBOJAX),

3JICKTPOMAarHUTHEIC (B PaauOBOIHOBO/IAX, CBETOBO/IAX), CEHCMUYCCKHUE U JPYTHE.



OaHuM M3 MEPBBIX MCCIIeOoBaTeIed BOJIHOBEAYIIUMX cucTeM Obul jopa k. Y. Paneit, koTopwii
M3ydan aKyCTUUE€CKHE BOJIHBI B OPTaHHBIX TpyOax. DTU UCCAEA0BAHUS ObLIN BHITIOJHEHBI B KoHIE XIX

BEKa Ha YUCTO (PU3NYECKOM YPOBHE CTPOTOCTH.

Havano ctporoii MmaTeMaTnudeckoi TEOpPUU BOJHOBEIYIIUX CUCTEM ObLIO 1onoxkeHo B 1947-1948 rr.

kiaccuueckumu padboramu A.H.TuxonoBa u A.A.Camapckoro:

a) O B0o30yxaeHuN paaroBoiHOBOJOB //)KypHan texunueckor pusmku. 1947, T. 27, Bemm. 11, 12. C.

1283-1296, 1431-1440.

s ypaBHeHus [enbmrosiblia B UJIMHAPUYECKOW 00j1acTH BHEpBbIe MOCTpoeHa PyHKIMsA [puHa u
BBIJICJICHA €€ OCOOCHHOCTh, UTO IOTPeOOBaO JOKa3aTeJbCTBa IMOJHOTHI CHUCTEMbI COOCTBEHHBIX

(YHKIMH PErYJISIPHOTO BOJTHOBO/IA.



0) O mpexncraBieHUH IMOJdS B BOJAHOBOIE B Buae cymmbl mojieii TE u TM // XKypHan texHudeckoit

¢uzuku. 1948. T. 28, Bein. 7. C. 959-970.

Crporo nokaszaHo, 4TO Jt000€ 3JIEKTPOMArHUTHOE ITI0JI€ B PETYISPHOM BOJIHOBOJIE B 00JacTH, CBOOOTHOW OT
BHEIITHUX 3apsJ0B M TOKOB, MOXET OBITh TMPEJACTABICHO B BHUAE CYNEPIIO3UIIUM TONEPEYHOMATHUTHBIX U
nonepeyHoIeKTpuueckux BoIH TM u TE nosien, Kax10€ U3 KOTOPhIX MOKHO ONMUCATh B BUAE KPACBOU 3a4a4M JJIs

CKaJISIPHOTO ypaBHEHHUA [ enbmrosnbna.

IIpoBeaeHHbIE (hyHIaMEHTAIbHBIE MCCIIECIOBAHUS TTOCITYKUJIM OCHOBOM ISl CO3/aHUs CTPOroM MareMaTH4yeCcKon

TEOPUU BO30YKJICHUS PETYISIPHBIX BOJTHOBOJAOB MTPOU3BOJILHBIM PACPEICIICHUEM 3aJJAHHOTO TOKA.

Otu pesynbrarsl mo3Bowin [1.E. KpacHylkrHy BBECTH NOHATHE HOPMAJIbHOW BOJIHOBOJIHOW BOJIHBI WJIA MOJIBI.

ITocie d¢yHmamenTanbHbix pador A.H.TuxonoBa, A.A.Camapckoro, B.I'KucyHsko,
IT.E.Kpacuymikuna, Jlyn ne bpousna u psiia Ipyrux y4E€HbIX BJIEKTPOJAUHAMHUKA BOJHOBEMYIIIMX
CUCTEM MPEBPATUIIACH B CTPOrYH) MATEMATUUYECKYK) TEOPUIO, OMNPEACIMBIIYID HOBOE HAYYHOE

HaIlpaBJICHUE B MaTEMaTU4YECKON (DU3HKE.



PaccMOTpMM  MOJIBIA  BOJIHOBOA TPOM3BOJIBHOIO CE€YeHHUS, TNPEeACTABJISIIONIMHA c000ii

HMJIHHAPHUYECKYI0 TPYOY, HEOTPaAaHUYEHHO NMPOCTUPAIOILYIOCS BA0Jb OCH Z.

BBeneM cienymomniue 0003HA4eHHA. Y, - OOKOBas IMOBEPXHOCTh BOJHOBOJA; S — MOMNEPEUHOC

ce4eHHe BOJIHOBOA; C — KOHTYpP, OTPaHUYHMBAIOIIHAI 3TO CEYEHHE.
Caesnaem cieayouue mpeanoJIoKeHus:
a) CTEHKH BOJIHOBO/IA SIBJISIFOTCS MJ€aIbHO MPOBOISIIAMU;

0) 3amoJHAIONIAS BOJHOBOJ Cpe€la SBISIETCS OJHOPOAHOW W XapaKTEPU3YETCA CIICHYIOIIUMU

3HadyeHusMu napamerpos. € =1, u=1 o=0;

B) BHYTPH BOJTHOBOJA OTCYTCTBYKOT HCTOYHHKH I10JI,

—iwt
I') MOJI 3aBUCAT OT BPEMEHHM 10 TapMOHMYECKOMY 3akoHy € .



YPaBHCHI/I}I MaKCBCHHa, OIIMCBIBAOIIUEC 110JIC BHYTPHU BOJIHOBOJAd, UMCIOT CJ'ICI[y}OH_II/Iﬁ BH/I:

‘rotH = —ikE,
rotk = 1kH,

|divH =0,
divE =0,

0]
e k — __ BOJIHOBOE€ YHCIJIO.
C

HOCKOJ'H)Ky CTCHKH BOJIHOBO/JA ABJIAIOTCA UICAJIBHO IIPOBOIAIINMUA, TAHI'CHIMAJIbHAA KOMIIOHCHTA

IEKTPUYECKOTO BEKTOPA PaBHA HYIIIO:



ITokaxeM, 9TO BHYTPH BOJIHOBOAA MOTYT PACHPOCTPAHATHLCH Oeryuiue 3J1eKTPOMarHuThbie
BOJIHBI.

bynem uckath peiieHue B BUAE

E =grad divII + k°II,
H = —ikrotII,

rie I1 — mosipru3aiMOHHBIN ITOTEHITUAL.

a) Paccmorpum ciyuyai, koraa BekTop Il umeer Bcero ofHy KOMIOHEHTY, HAIIPABJICHHY IO

BI0JIb OCH Z (HZ =0).

B stom ciiydae cucreMa ypaBHEHM MakcBeiuia MPUBOAUT K YPABHEHUIO | €IbMroJibia s

IMOJPHU3ATUOHHOI'O ITIOTCHINAJIA.

AIT+k°IT=0, (I=1IIi,).



[ paHMYHOE YCIIOBUE UAEATBHO ITPOBOASAIIECH CTEHKH ITPUBOAUT K CIEAYIOUIEMY TPAHUYHOMY

YCJIOBHIO:

3anucaB TpeXMEPHBIN onepaTop Jlamaca cienyromum oopa3zom

2 2 2
Au:A2u+a—g, Azu:63+ag,
0z ox~ oy

Oy/ieM UCKaTh PEILICHHUE B BUJIC
1(M.2)=p (M) (2),

rae M — Todka, Jiexxalas B mornepedyHoM cedeHnu. Hac Oyner nHTepecoBaTh HETPUBUAIIBHOE

pCIICHHUC 3a1a9U.



ByneM peniarh 3a1a4y METOJOM pa3fiesleHus nepeMeHHbIX (MetonoM ®ypee). [loacTapss
perienue Buga [/ ( M, Z) 2% ( M ) f ( Z) B ypaBHEHHE, TIOJIyYHM:
Aw(M)  £7(2)

f(2)Ap(M)+y(M)f"(2)+ky (M) f(z)=0 = v (M) =— 0 —k?.

B JieBOM 4acTH MOCIEAHEr0 paBEHCTBA CTOMT (PYHKIUSA 3aBucsas ot M, a B mpaBoii yacTtu —
(YHKIUS 3aBUCSIIAS OT Z, IPUYEM PABEHCTBO JOJDKHO BBITIOIHSTHCS MPU JIFOOBIX JOIMYCTUMBIX
3HaYeHUSIX M 1 Z, 4TO BO3MOXKHO TOJIBKO B TOM CJIy4ae, KOIJia JIeBas M IpaBasi CTOPOHbI pABEHCTBA

COXPAaHAIOT HOCTOSAHHOC 3HAYCHUC, TO CCTh

Ay (M ) _ _f_(z)_k2 =-4A, A =const.

y(M)  f(2)




Taxkum oOpasom, g pyHKIUU ( Z) MBI ITOJIYYaeM CIEAYIONUIYIO 32/1a4y HA COOCTBEHHbIE
snavenns (3agaqy Llrypma-Jluysuiiis): HalTH Te 3HAYEHUs apaMeTpa | IIPU KOTOPBIX KpaeBas
3aJ1a4ya

A+ Ay =0,M €S,
w(M)=0,M eC.

MMEET HETPUBHUAJIBHBIE PEIICHUS, U CAMU 3T pelieHus. [Ipu 3ToM 3Hadenusi mapaMerpa 4 HOCAT
Ha3BaHHE COOCTBEHHbIX 3HAYECHHI, 4 HETPUBUAJIbHbBIC PelIEHUS HA3BIBAKTCH COOCTBEHHBIMHU

(pyHKUUAMH.

N3 o0111e# Teopuu ClIeayeT, YTO pacCMaTpruBacMas 3ajjada Ha COOCTBEHHBIC 3HAYCHUS  MMEET

CUCTHOC MHOXCCTBO BCIIICCTBCHHBIX COOCTBECHHBIX 3HAUYCHUMN {ﬂ’n} )51 COOTBCTCTBYIOIIYHO UM

CHUCTEMY COOCTBEHHBIX (DYHKIIMA {Wn (|\/| )} .



Jnsa pysakiun f (Z) TI0JIy4aeM YPABHEHHE
f/(z)+(k*-4,) f,(2) =0,

o0111ee pelIeHe KOTOPOro MMEET CIICAYIOIIUIA BUI;

f.(z)=Ae" +Be™"".

2
[Tocrostuaas /'y = K — A, wmaseBaetcs nocrosinmoit pacnpocTpaHeHus.

Ecnu BpeMeHHas 3aBUCMMOCTbD BBIOMpAeTCa B BuAe € , TO mepBbIi WICH B MPAaBOW YaCTH

dopmyinsl s |, (Z) COOTBETCTBYET IIPaBOM COOCTBEHHOM BOJIHE (IpaBOM MOIE), a BTOPOI YJIEH

COOTBETCTBYET JICBOM COOCTBEHHOM BOJIHE (JIEBOM MOJI€). TakuM 00pa3oM MoJjie BHYTPHU BOJTHOBOJA

IpEJCTaBIACT COOOM CyNeprno3UIIMIO MTPABBIX U JIEBBIX MO/I.



PaccMoTpuM mpaByr0 COOCTBEHHYIO BOJIHY (MOAY)
f.(z)=Ae"",
TOTJIa MOJYYUM PEIICHUE B BUJIC:
1I,(M,z)= Ay, (M)e™,
re nocrosHHas A, ompenensercs U3 yCIOBUS BO3OYXKICHHS HOJEH.

[ToacraBisist moydeHHOE BhIpakeHue B (hopMyiibl, cBa3biBatoue Bekropsl E, H, 11, u
o _- t A A o
BOCCTAaHABIMBAS BPEMEHHOM MHOKHUTENL €, HalJIeM COCTABIIAIOIIUE MO N-H IIPaBOM MOJBI B
BUJIE

F (M )ei(ynz—a)t)’

n

rne F — ¢yHkoums, Bepakaromasics yepe3 cOOCTBEHHY0 GYHKIMIO y, (M) Him ee mpon3BOAHBIE.



3ameTHM, 9T0 COOCTBEHHbIE QPYHKIMH ¥, (M) HOCAT HasBaHue GyHKINI cedens.

I1oJsie B BOJIHOBO/IE B 0011EeM CiIydae ABJSIETCHA CYNepno3uiiueil MpaBbIxX U JEeBbIX

COOCTBEHHBIX BOJIH (MOJ).

2
Ecmn K™ >4, 1o Y1\ BEIIECTBEHHO 1 Mbl nojay4aeM 0eryinyro BOJHY, paCIpOCTPaHSIIONTYIOCS

BI0JIb OCH Z C (pa30BOM CKOPOCTHIO

TO €CTh B ITYCTOM BOJIHOBOAC UMCCT MCCTO JUCIICPCHAI.



2 i o
Ecmu K <A, 10 7, =11, ( Xn = 0) 1 BMECTO paclpoOCTpaHsIOIIECUCs BOJIHBI I10JIy4aeM
3aTyXarollyl0 BOJIIHY

= ( M )e—ia)t—;(nz |

n

pacIpoOCTPaHSIONIYIOCS BJOIb OCU Z B IOJOKUTEILHOM HalpaBJICHUH.

Tax xKak COOCTBEHHBIE Uncia A

-, IPENCTaBIAIOMUE COOOM COOCTBEHHBIE YACTOTHI MEMOPAHBI S,

HEOTrPAaHUYEHHO BO3PACTAIOT C YBEJIMYEHHEM HOMEPA N , TO KaKOBa ObI HU ObLIa yactora @,

HauMHas ¢ HekoToporo HoMepa N=N , OymeM uMeth K2 < A

CiietoBaTeIbHO, B BOJTHOBOJIE MOKET PACIPOCTPAHSITHCS JIMIITb KOHEUHOE YUCIIO OEryIMX BOJIH.
2 e e Lo
Ecim K° < A}, To BOJHOBOZIE HE MOKET CyIIECTBOBATH HU OJHOMN OEryIiieil BOJIHBI («3amepThlii
BOJIHOBOJ»). HacToTa, HAYMHAS C KOTOPOM B BOJTHOBOJIC HAYMHAET PACIPOCTPAHATHCA HEKOTOPAs

Oeryias Mojia, Ha3bIBACTCS YACTOTON OTCEYKU JTAHHON MO/IBI,



J171s1 Toro, 4ToOBI B BOJTHOBO/IE 3aJaHHOM (DOPMBI M pa3MEPOB MOTJIa PaCpPOCTPAHATHCS XOTsI Obl

OJHa 6eryma;1 BOJIHA, 1OJI’KHO, O4CBUIHO, BBIIIOJIHATHCA YCIIOBUC

2,1<k2, wm A <2

T

r1e A — JJIMHA BOJHBI, PACIPOCTPAHSIONICHCS B BOJTHOBOJIE.

PaccMOTpUM NPSIMOYT0JIbHBIA BOJIHOBO/I, IIONIEPEYHOE CEYEHUE S KOTOPOIo MpeacTaBjiasieT

c000¥i MPSIMOYTOJILHUK CO CTOPOHAMH a U D.

Haitnem i1t Hero (GyHKIIUKM CEYEHUSI, KOTOPHIE SBJISIOTCS PEIICHUEM 3a]1a4M Ha COOCTBEHHBIE

. (A2 2
3HAYCHUI: gxg+gyg+ﬂw:0, Xe(O,a), YE(O,b),
Ju(x,0)=u(x,b)=0, xe[0,a],

u(0,y)=u(a,y)=0, ye[0,b].




JlaHHy10 3a/1a4y Takke Oy/ieM peliarh METOAOM pa3ieiCHUs NEPEMEHHBIX

w(x,y)=X(X)Y(y) = ilr((;))Jri”((;))Jri:O = ill((;))z—i”((;))—lz—y:
X"(x)+uX(x)=0, X(0)=X(a)=0,

Y"(y)+(A-u)Y (y)=0, Y(0)=Y (b)=0.

Pemenue 3aga4uu 1j19 HaXOXKACHUS PYHKIIUM X (X) UMEET BUJI;

X (x) = Acos/ux+BsinJux= X (0)= A=0= X (a)=Bsin Jua=0=

m

2
Jua=am, m=12,.= u=u, =(—j = X (x)=X,(x)= B_sin™%

a a

. m=12,...



3aMeTuM, 4TO COOCTBEHHbIC (DYHKIIUM, KaK PEIICHUs] OJTHOPOIHOIO YPABHEHUS, YIOBICTBOPSIOIINE
OIHOPOIAHBIM I'PAHUYHBIM YCIIOBUAM, ONPEACIAIOTCA C TOUHOCTHIO JI0 IIPOU3BOJIEHOTO MHOXUTEIS.
[Tostomy momoxkum B =1, m=1,2,...

AHaJIOrMYHO pelnaeTcs 3aaada Uit GyHKIyn Y ( y) :

2
= AcOS\JA—pu y+BsingyA—u y=>1—u_ :(%nj =

2 2
/1=/1m,n=(?j +(%”j mn=12,.; Y(y):Yn(y)zsin”TW, n=1.2,..

Takum O6p8,30M (I)YHKI_[I/II/I CCUCHUA MJIA BOJITHOBOIA ITPAMOYI'OJIBHOI'O CCHCHUA UMCIOT BU:

2 2
Tmx . zny m zn
X, Sin ——SIin —=, Aon =1 — | +|—| mn=12,...
nn (X¥) = a b ( a j ( b )



B BOJHOBOC ITPAMOYT'OJIBHOI'O CCUHCHMS GCPYIHEIH BOJIHA MOXCT CYIICCTBOBATL JIMIIb IIPHU YCIOBHUHA

1 1
k>4, = k>7r\/¥+b—2

NJIN

27

A<T = A< 12 1 .
’1 \/az+bz

PaccMmoTpeHHbI€ 3/1eCh COOCTBEHHBIE BOIHBI (MOJIbI), YIOBJIETBOpSIONIME yCiIoBu  H = 0,
Ha3bIBAIOTCS JIEKTPUYECKUMH BOJTHAMM, UJIU MONEPEYHO-MATHUTHBIMHA BOJIHAMM (BOJJHAMHM THIIA
™).



b) PaccMoTpuM Teneph pellieHusi ypaBHeHHIT MakcBelia ¢ paBHOI HYJII0 Z- COCTABJIAIOIIET

yrekTpudeckoro moas (E, =0).

Beenem sexrop Il = /71, n monoxum

E = ikrotTT, H = graddivTI+k?TI, (é =o).

JA
Torna gpyHkius ﬁ YIIOBJIETBOPSIET YPABHECHUIO
AT+ k2T =0
U TPAHUYHOMY YCJIOBUIO HeliMana Ha MOBEPXHOCTH ),
oIl

—=0.
on



[ToBTOpSISt pacCyKICHHS IIyHKTA @), HAIeM PEIICHUE 3TOH 3aJaun

I?n:Anlﬁn(‘/\l)ei};nZ (j;n:\/kz_in)1

KOTOPBIM COOTBETCTBYIOT PEIICHUS YpaBHEHUST MaKcBeia BUA:

Fa N

F, (Mg,

n

3necs W, (M ) (PYHKIIMU CEYEHUSI U COOTBETCTBYIOIIME COOCTBEHHBIE 3HAUCHUS 3a]1a4U
[Itypma-JInyBuinis
r Vo ~ e\

Ay +Aw, =0  Mes,

OVn _ g
. on

M e C.




BoaHBI TAaKOTO THITA HA3BIBAIOTCSA MATHUTHBIMI WJIM TOTEPEYHO YICKTPUICCKUMMU BOJIHAMM
(TE-BostHaMQu).

MoxxHO MoKa3aTh, YTO JK00E MM0JIe B BOJHOBO/IE MPEACTABUMO B BUAe cymMMbl osieii TE u

TM Tuna.

CrnenoBaTebHO, JIF000E€ MOJIe B PETYISIPHOM BOJIHOBOJIC MOKHO ONPEACIUTD, €CJIM U3BECTHHI JBE
CKaJIsipHbIe PyHKIIMU [] ( M, z) u [/ ( M, z) , SIBJIIFOIAECS Z-KOMIIOHEHTaMU MOJISIPU3ALIHOHHBIX

norennuanoB [] u [] coorBeTcTBEHHO.



IHapuunajbHbie YCJI0BUA U3JTYYCHUS

ty
b

\/

0 X=a X

PaccMoTpuM MII0CKMM BOJTHOBOJL C JIOKAJIbHOU HEPETYIAPHOCTBIO.
IIpu X <0 u X > a BOIHOBOJ perysipHbIii: €ro 3aM0NIHEHUE OJHOPOIHO U

reoMeTpusa CCUCHUA ITOCTOAHHA.



HopmanbHabie BOJIHBI (MO/1bl) — YACTHBIE PEIICHUS BUIA
u(x, y) = e p(y), (30)
IJI€ ) — IIOCTOSHHAs PaclpOCTpPaHEHUS, w(y) - (DYHKIIHS CCUCHHUS.

[Tone U (X, y) B BOJIHOBO/IE YIOBJIETBOPSAECT YPABHEHUIO | €JIbMIosIbIIA:

Au+ku=0, (x,y)eV =R"x(0,b), (31)

— =2
me K206 Y) =K (% y)+ik (x,y)
k?=const, x<0,

k*(x,y)=<k’(x,y), O<x<a, (32)
k; =const, x>a.

DnexTponuHamMuydeckuii caygait: K2 (X, y) = k; e(X,y), rme

K, = —C‘C)- - BOJTHOBO€ YHUCTI0, g(X, Y)- AUDJIEKTPUYECKas IPOHUIAEMOCTb.



u(x,0) =0, u(x,b)=0, xeR'—

- TPAHUYHBIE YCIIOBUA (HAIPUMEDP, U€ATLHO TTPOBOISIINE CTEHKH).

st pyHKIMi cedeHus nonydaeM 3aaaqdy HItypma-JInyBusis:

lw”(y) +Ap(y)=0, 0<y<b,
(0) =0, (b)=0,

_ gy _(m]
wn(y)—\fbsm - An—[b] , (n=12,..)

Cy1liecTByeT CHeTHOE MHOKECTBO HOPMAJIbHBIX BOJIH (MO) BH/IA:

U, (% Y) =Y (y), 7, =yk2=),, (1=12...
mu (X<0,x=a).




I[TycTh Ha HEOJHOPOAHOCTH MAACT ClIeBa HOPMaslbHas BOJHA UHAEKca [Ny ¢
aMILIUTYIOM 'Aho .Bceuennn X =0 mnapiuagbHbIC YCIOBUS U3TYUCHUS IPH

BPEMEHHOU 3aBUCUMOCTH @ NMECIOT BU:

b
[{S+in@ul v ()dy =20 0A, 6,0, 1=12.0
0

x=0

AHAJIOTM4YHO CTaBATCS YCJIO0BUs B CCUCHUHN X= a . HapHI/IaHBHI)IG YCJIOBUA

N3JIYHICHUA ABJIOTCA HCJIOKAJIbHBIMHA YCIIOBUAMMN.

u(xy) = 32,00, (9),

Z,(0)=[u(xyyw,(Mdy  (1=12,..)



[TapimanbHbIe YCIOBUS U3ITYYEHHS HAKIIAABIBAKOTCS HA KO PUIIMEHTH Dypbe

pasnoxerms dymxman U (X, Y) 10 hynxumam ceaenns y, (y):
Z, (0)+iy "z, (0)=2iyYA 65,

KpaeBas 3aga4ya uMeeT BUI:

(Au+Kk2(x,y)u=0, (x,y)eD

u(x,0)=0, u(x,b)=0, 0<x<a,

ou
DsiyPul v,y =20 A G, (1=12..)
x=0

\

\

El

N

—mﬁ”u} v,(Y)dy=0 (n=12,..),

\

te y0 = Jk2-4 (n=12.:1=12), D={0<x<a0<y<b}.



8) 3apaum aneKTpoCcTaTuKn

B 3amagax 35IeKTpOCTATUKHU peIIeHHE YpaBHEHUsS MaKCBea CBOJUTCS K OTBICKAHUIO OJTHOM

CKaJISIpHOM (DYHKIIMK - IOTeHIMana ¢, CBA3aHHOIO C HAMPSKEHHOCTHIO MOJISI COOTHOIIIEHUEM

E =—grade.

Hcnonws3ys ypaBHeHre Makcseina

divE = 47p,

MOy YUM

Ap =—-4rp.



Takum o0Opa3om, MOTEHIMAN YIOBJIETBOPSIET ypaBHEeHUIO [IyaccoHa B TeX TOYKaX MPOCTPAHCTBA, IIE

HaXOIATCA SJICKTPUYCCKUC 3apsAbl, U YPABHCHHUIO Hannaca, B TCX TOYKaAX, I'’IC 3apA10B HCT.

OcHoBHas 3a7a4ya IICKTPOCTATUKHU: OTBICKAHHUE IT10JIA, CO31aBac¢MO10 CHCTEMOH 3apsaa0B Ha

3aJlaHHbIX IIPOBOJIHUKAX. Bo3MOKHBI ABEC IMIOCTAHOBKHU 3a1aY4M: NpsAMasi 1 OﬁpaTHaﬂ.

1) llpsamasi 3a1a4a JJIEKTPOCTATUKHU. 32JAK0TCH NOTEHIMAJIbI IPOBOJHUKOB U TpedyeTcs

OIPeAeJUTH M0JIe BHE IPOBOJIHMKOB U IVIOTHOCTH 3aPS/10B HA MPOBOJHUKAX.
Maremarruueckast opMyIMpOBKa 3aJ1a4M COCTOUT B cieAyolieM. TpedyeTcs HalTu PyHKIUIO @,

YIOBJIECTBOPSIOLIYO ypaBHEHUO Jlamnaca Agp — (0 Bcroay BHE 3aJIaHHOM CHCTEMBI IIPOBOJIHHKOB,
00paIarOIIUXCs B HYJIb HA OECKOHEYHOCTH U IPUHUMAIOILYIO 3aJaHHbIC 3HAYECHUS (), Ha

IIOBEPXHOCTAX IMPOBOJIHUKOB Si : g0|8_ =@, @ =const.



Takum o0Opa3om, B cilydae pelrieHus IPIMOM 3aJ1a4u AJIEKTPOCTATUKHU MbI IIPUXOJAUM K PEIICHUIO
NepBOM KpaeBoOM 3a1auu Jj1d ypaBHeHus Jlamnaca EQUHCTBEHHOCTD €€ pelIeHUs CAeayeT U3 00Ien

TEOPHUH.

2) OOpatHas 3amadya »3jaekTpocTaTuku. Ha npoBoaAHHMKaxX 3a1al0TCA MOJHbIE 3apAbl.
TpeOyercsi omnpenejiuTh NOTEHIMAJBI TMPOBOJAHHUKOB, paclpeae/JeHde 3apsiaoB Ha HX

IIOBEPXHOCTH U 110J1€ BHC IIPOBOIHHUKOB.

Pemenune oOpaTHOi 33241 CBOJAUTCS K OTBICKAHHUIO (DYHKLWHU @, YIOBICTBOPAIOIICH YPABHEHUIO
Jlarutaca A@ =0 BHe 3aJJaHHOM CHCTEMBI IIPOBOIHHMKOB, OOpAIaIOIICIiCS B HYJIb Ha 0€CKOHCYHOCTH,
NIPUHUMAIOIIEH Ha TIOBEPXHOCTAX MIPOBOJHUKOB HEKOTOPOE MOCTOSHHOE 3HAYCHHE (|, = CONSt 1

yI[OBJ'ICTBOpﬂIOH_ICﬁ HHTCTPAJIbHOMY COOTHOIICHHUIO HAa ITOBCPXHOCTAX ITPOBOIHHUKOB

q}_dgﬁ o =—4ze, TIC € — TONHBIIN 3apsiil Ha I- M IPOBOJIHHUKE.
S.



7) IllpuMeHeHre MeTOAa KOH(POPMHOI0 NMPeodpa3oBaHus B 321a4aX JIEKTPOCTATUKH

JI1st peliieHrst AByMEPHBIX 33714 SJICKTPOCTATUKN YaCTO UCIIOIB3YIOTCS METOJIbl TCOPUM (DYHKIIHI

KOMILJIEKCHOM TIEPEMEHHOM.

3agaya. HaiTu 3€KTpUYECKOE TTOJI€ HECKOJIBKUX 3aPSKEHHBIX TPOBOJIHUKOB, ITOTECHITAAIIBI

KOTOPBIX PaBHBL U, ,U,,...

Maremarnyeckasl II0CTaHOBKa 3aa4du UMCCT CJIGI[yIOHlI/Iﬁ BH/I.
Au=0, ul. =u,

r7Ie yepes O; Iie 0003HaueHa IOBEPXHOCTh POBOJAHUKA C HOMEPOM |.



Ecnm mone MOXHO cUMTaTh INIOCKHUM, HC MCHAOITUMCS, HAIIPUMCDP, BAOJIb OCHU Z, TO ITOCTAHOBKA

3aJ1a4¥ NPUHUMAET CJIECIYIOIINN BU/I

o°u .\ o°u
ox>  oy°

0; =Uu.,

Ici

rne C. — KOHTYyp, OTPAHMYUBAIOIUHN 00JIACTh S;.

HanomHuM HEKOTOpBIE (PAKThI U3 TEOPUU PYHKIIUNA KOMIIJIEKCHOW MEPEMEHHOM.
Teopema. Eci dyuxums f (2)=U(X,Y)+iV(X,Y) muddepenmupyema B rouxe Zo = Xo + 1Y,

TO B TOUKE (XO, yO) CYIIIECTBYIOT YaCTHBIC TPOM3BOAHBIC MyHKIHH U (X,y) 1 V (X,y) 110

INCPEMCHHBIM X U Y, IPUYEM HMECT MCCTO COOTHOLICHUEC — YCJIOBUA Komu-Pumana:

(X Yo) _ V(X Yo)  OU(Xg:Yo) _ V(X Yo)

OX oy oy OX




Ecou dyuknus f (z) muddepenmupyema Bo BceX TOUkax HEKOTOpoii odmactu G, a ee Mpou3BOgHAS

HETIpephIBHA B 3TOM 00mactH, To ¢hyHknus f (2) HaswiBaeTcs anarumuuecxoti pynxyueti B oonactu G.

OTOoOpak€HUE OKPECTHOCTH TOYKH Z, Ha OKPECTHOCTb TOYKH Wy,  ocymiecTBisieMoe
aHanuTU4ecKkoi Qpynkuuerr W= f (Z) 1 00JIa1atolIee B TOUKE Z; CBOMCTBOM COXPAHEHUS YIJIOB U

MOCTOSTHCTBOM PACTSIKEHUH, HA3bIBACTCSI KOHOOPMHBIM OMOOpadceHueM.

Teopema (B3auMHO-0HO3HaYHOE cOOTBETCTBUE). [lycTh PyHKIMS f (z) ABIIIETCA OAHO3HAYHOU
aHaTMTHUeCKON (yHKImel B obmactn G, ocymecTpistomeli B3aMMHO-0HO3HAYHOE OTOOpaKeHUE
obmactt G na ofmacts G xomrurekcroi mwiockoctn W.  Torza oTo OTOOpaXEHUE SIBJISICTCS

KOH()OPMHBIM.

Oynknus U (X, y) Ha3bIBaeTCA capmonudeckou B obmactu D, ecinu oHa JBakabl HEMIPEPHIBHO

muddepennupyema B obmactu D ynosierBopsiet B Heil ypaBrenuto Jlammmaca: AU = 0.



JleiicTBUTEIbHA W MHHUMAasi YacTH AaHAJIUTUYECKONW (YHKIUM SBJISIOTCS TapMOHUYECKUMU

(yHKIUSIMU, CBSI3aHHBIMU MEXAYy coO0i ycnoBusiMu Komm-Prumana.
Heo6X0aMMBIMH M JOCTATOYHLIMY YCIOBUAMM aHAIUTHYHOCTH QyHKuuy | (Z) =Uu (X, y) +1v ( X, y)

B oOsactu G siBisiercst TpedoBanue, 4ToObl PyHkmu U (X, y) uV ( X, y) ObLUIH TApMOHUYECKUMH U

yAOBIIETBOPsUIX yciioBuAM Komy — PuMaHa B COOTBETCTBYIOIIEN O0NACTH IIIIOCKOCTH X, Y.

Jl1s penieHus MOCTaBICHHOM 3aja4u Oy/ieM HCKaTh MOTEHILIMA u (X, y) KaK MHUMYIO 4acCTh

HEKOTOPOM aHAIMTHUYECKOU (PYyHKIIUU

f(z)=v(xy)+iu(xy), (z = x+iy),

npudeM B cuily ycsnosuu Kouu - Pumana



v,v, +uu, =0.

U3 rparnanoro yenosust  Ylc =Ui crenyer, uto Gynkums f(z) uMeeT MOCTOSAHHYIO MHHMYIO

4acTh Ha KOHTypax C;, OrPaHUYUBAIOIINX HAIIU IPOBOJHUKHU.

N3 ycnosur Komm-PuMaHna BBITEKAET, YTO YPABHEHHUE

V(X,y)=const

IpeJICTaBISECT COOOM YpaBHEHHE CEMENCTBA CUJIOBBIX JIMHUM.

B camom gnene, ypaBHEHHUE CEMENCTBA CUIJIOBBIX JIMHUKA UMEET BU/I

dx dy

u, u,



Hcnonsiys ycnoBusa Komm-Pumana, nonydnm:
u,dx—udy =v,dx+v,dy=dv=0 = v(x,y)=const.

OTmeTnM, YTO ypaBHEHHUE

u(x,y)=const

OopcaAcrICT CEMEMCTBO OKBUIIOTCHIMAJIBbHBIX JIMHUM.

CiienoBaTeyibHO, JJISl PEIICHUS IMOCTABJICHHOM 3aJadyd  JIOCTAaTOYHO  IOCTPOUTh  KOH(OPMHOE

npeobpa3zoBanre W = f (z) , KOTOPOC NMEPEBOAUT IJIOCKOCTh KOMIIICKCHOTO IEPEMEHHOTO  Z = X + iy

B IJIOCKOCTE W =V + U, IIPX KOTOPOM I'PaHHUIIBI IPOBOJHUKOB mepexonsT B npsameie U = CONST wim

Im w = const.

Ecnu takas gynkmus W= f (Z) HaiiieHa, TO UICKOMBIA MOTEHIMAJI HAaXOAUTCS MO (hopMyIie

u=u(x,y)=Imf(z).



3Has IMOTCHIOHUAJI, MOKHO BBIYHCIIMTD SJICKTPHUYCCKOC I10JIC!

o

U IIJIOTHOCTH IMOBCPXHOCTHBIX 3apsa10B HA CAUHUIY JJIMHBI 110 OCH Z.

:_\/E2+E2— L (a—uszr u
A \[\ OX oy

Koropas B cuny ycnoBuii Komm-Pumana pasaa

o=Lr ()



5. ITocTpoeHue MaTeMaTHYeCKUX Mo/iejieil HA OCHOBE BAPUAIIMOHHBIX IPUHITAIIOB

1) BapuanuoHHoe UCHUCICHHE

CDYHKHI/IOHE[HE[MI/I Ha3bIBAIOTCs IICPCMCHHBIC BCIIMYNHBI, SHAYCHHUS KOTOPBIX OIIPCACIISAIOTCA

BBIOOPOM OJIHOM MJIM HECKOJIBKUX (DYHKIIHIA.

Hampumep, dyHKIIMOHATIOM SBJIsSETCS JIMHA | AYyTH MII0CKOM MIX MTPOCTPAHCTBEHHON KPHUBOA,

COCITUHSIONICH JIBE 3alaHHbIC TOYKH A(X,,Y,) H B (x1 yl).

Ecnu 3a1aH0 ypaBHEHUE KPUBOU Y = y(x), TO (PyHKIIHOHAT OyJAET UMETh BU/I;

X

1 y(x)|= _[ 1+(y') dx

X



BapunanmoHHoe MCYHCJIEHHE H3Y4YaeT MeTOAbl, MO3BOJAIOIINE HAXOANTHh MAKCHMAJbHBIE H
MHUHHMAJIbHbIE 3HAYeHHs (yHKOUOHAJMOB. 3aaadyM, B KOTOPBIX TpeOyeTcsd HMCCJI€I0BATH

(l)yHK].[I/IOHaJI HAa MAaKCHUMYM WJIH MUHHUMYM, HA3bIBAKOTCH BAPpHAIIMOHHbBIMHA 3a/la4aMHU.

MHorue 3aKoHbl MEXaHUKH U (DU3UKH CBOISATCS K YTBEPKJICHHUSIM, YTO HEKOTOPHIN (DYHKIIMOHAJ B
pacCMaTpuBaEMOM TIPOIECCE JOJKEH JOCTArarb MHUHUMyMa WA MakcuMmyma. B Takomn

(I)OpMYJ'II/IpOBKG 9TH 3aKOHbI HOCAT HA3BAHNC BAPHANMNOHHLIX IPUHIIUIIOB MCXAaHUKH NJIH (l)I/I3I/IKI/I.

Muorue pauddepeHIuanbHble JACTEPMUHUPOBAHHBIE MOJEIU  CTPOSTCS MCXOAsS U3 TOIO
MOJIOKCHUSI, YTO MAaTeMaTHMYeCKHE 3a/Ja4yd, OIUCHIBAIOIINE COOTBETCTBYIOIINE duzndeckue
IIPOIIECCHI, IIPH ONPEACICHHBIX YCIOBUIX MOTYT UMETh JIBE SKBUBAJICHTHBIC (POPMYIHUPOBKHU: B BHUJIC

KPacBOH 314U WJIM B BUJIC BAPUALIMOHHOU 3a1a4M.



Hanpumep, BapralinoHHas 3ajjaya Ha HaX0XKJI€HHEe MUHUMYyMa (DyHKIIMOHAJa

X

ILy9]=[F v (x).y (%) ex

X0
Ha KJ1aCC€ NOMYCTUMBIX KPUBBIX C 3aKPCIUICHHBIMUA KOHLIAMM: Y ( XO) = Yo y(xl) =Y, 0Opu ONPENCICHHBIX
YCIIOBUAX SKBUBAJICHTHA CIEAYIOLIEU KPAeBOU 3a1a4e:
F,——F, =0, xe(X.X),
3 dx

Y(Xo) = Yo y(xl) =Y

.

d
YpaBHeHHnE F, ——( Fy,) =0 HAa3bIBACTCS ypPaBHeHHeM Jiljiepa-OCcTPOrpaacKkoro u siBisieTcs
dx

HE0OXOIMMBbIM YCJIOBHEM JKCTpPeMyMa (PYHKIHOHAJIA J[y(x)].



2) BapyanMoOHHBIM NPUHITUAII

Mbl nonyuunu audg@epeHuantbHOe YPaBHEHUE, OMUCHIBAIOIIEE MaJlble MPOJOJIbHBIE KOJECOaHUs
YIPYTOr0 CTEPKHS, UCIOJIb3Ysl TEOPEMY O U3MEHEHUM KOJIMYECTBA JABUKECHUS, TO €CTh UCIOIb3Ys
BTOpOM 3akoH HprooToHa B mHTErpambHOM ¢opme. IlpuBenem Tenepb BBIBOJ TOTO K€ ypPaBHEHHS,

HCIIOJIb3YsI BapI/IaHI/IOHHblﬁ IIPHUHIIUIL.

BapuanuoHHbIil NpUHUMI. Eciin MarepuanbHas CUCTEMA, HAXOMALIASICS B II0JIE BHEIIHUX CHJI,
XapaKTepU3yeTcs Ui J000r0 MOMEHTAa BPEMEHM {  KMHETHUYECKOM DHEpruen T (t) 151
HoTeHIManbHoM sHeprucii U (t) , TO TIEpexo] €€ U3 COCTOSIHUS B MOMEHT BPEMEHU t1 B HOBOE

COCTOSIHUE B MOMEHT BPEMEHH [, IPOMCXOIHT TaK, 4TO (PyHKIHOHAT

cD:tjz(T (t)-U (t))dt

HMCCT SKCTPCMAJIbHOC 3HAYCHUC.



Tak xak paccMaTpuBaeTcs Clydail MajblX KojJeOaHUM, TO IpU HOACUYETe KUHETUYECKON U

HOTCHHI/IE[JIBHOﬁ OHCPI'MHU YICHAMMU BBICIHICTO ITOPAAKA MAJIOCTH MOZKHO HpeH€6p€‘H:.

Kunernueckas sHeprusi AT Majoro y4acTka CTEpKHA AX paBHa (CUMTaeM, 4TO B MpeAeIax

MaJIOT0 Y4acTKa BCE MapaMeETPhl COXPAHSIOT MOCTOSHHOE 3HAYEHHUE)

AT :%p(X)AXUf (x,t).

CJ'ICI[OBEITCJ'H)HO, KHMHCTHUYICCKAs DOHCPI'Us BCCTO CTCPIKHA PpaBHA

T(t):ljp(x)uf(x,t)dx.

0



HOTGHHH&HBH&H OHCPI'UA CUCTCMBI «CTCPIKCHDb B I10JIC BHCIIIHUX CHID) U ckiaasIiBacTCs U3

MOTEHIUAILHON SHepruu yupyroi aedopmaryu U yn U H3PalbOTHI A BHemHel cuibl:

U=u, -A

Pabora AA BHemHel CHibl, 3aTpaugHHAs Ha TIEPEMEICHUE MaJIOTO 3eMEeHTa AX W3 COCTOSHHS

paBHOBECHs B COCTOAHNE U (X,1), paBHa
AA=f (X,t) AX U

rie f (X, t) — IUTOTHOCTH paclpeieacHus BHENIHEH CUIBI B MOMEHT Bpemenn |,

[Tonunas pabota A Buemmeit cime 3amuckBaeTCs CIEIYIOIIUM 00pa3oM:

A(t):i f(x,thu(xt)dx.



ITogcunTaem sHEPTHIO YIPyrou gedopMaiiu. BeiaeanM Manblii y4acTOK CTEPKHS IJIHMHONM A X ,

CUHTAs, YTO B IIPeJeNax JaHHOTO yJacTKa Ko3(h(HUIIUEHT YIPYTroCTH SBJIAETCSA HOCTOSHHBIM K (X) =K.
Ha ydacTtok AX CO CTOPOHBI COCEIHETO IEMEHTA JEUCTBYET CUIIA YIIPYTOTI'O HANIPSKEHUS F

paBHas F=¢ ko ,TI€ &— OTHOCHUTEIbHOE yjyinHeHue amemMeara A X . Ilpu

IepeMEIlCHUH dJIeMEHTa A X Ha paccTossHue S OyneT coBepiieHa padora

AU o = k,£0.

C IICPEMCIICHHUCM Ha PACCTOSHHUC 5 CBA3aHO UBMCHCHHUC OTHOCUTCIIbHOI'O YIJIMHCHUS E Ha

BEJIUYUHY AE | IpUYEM



CreoBaTelbHO, O =AEAX U

aU, =Kk aXeae.

IIponnTErprpOBaB MociaeaHee paBeHCTBO OT 0 10 &, ToJIydaeM BBIPAKECHHUE ISl SHEPTUN YIIPYTOr

nedopMalm, KOTopoit 001agaeT BbIACICHHBIN AJIEMEHT:

de_ﬂ. = jkOAXEdg =%k082AX.
0

PaccMoTpuM Tenepb HEOJHOPOAHBIN CTEPKEHD C KOADPUITMEHTOM YIPYTOCTH K (X) Y IPUMEHUM

MOCIIEAHION HopMyIty st GECKOHEYHO Masioro sieMenTa OX, yuursisast, uto & = U, (X, t)

y.1I.

du :%k(x)uf (x,t)dx.



CocTtaBuM (yHKIIMOHAT

®[u] {ji(%p(x)uﬁ —Sk(x)u + f (x,t)u)dxdt.

BeinumeM a1 janHoro yHKIMOHANA ypaBHeHHEe Ditnepa-OcTporpaaCKoro, KOTOpoe sSBIsSCTCS

HEOOXOIMMBIM YCIOBHEM dKCTpEeMyMa (PyHKI[MOHAIa

(Fu), * (Fu), ~Fu =0

rac

F=F(uu,u,)=3pU’ -3k + fu

Brruucisist Bxoasimye B GopMyiny IPOU3BOAHBIE, ITOTYYUM YpaBHEHUE Juiiepa-OCcTporpajickoro s

dyrkuronana ®[u]|, ONMMCHIBAIOLIEE MAJIBIC TIPOOJBHEIE KONIEOAHMUS yIPYTOrO CTEPIKHSL:

o, =i(k(x)a—uj+ f(x,1).

OX OX



BI)Ipa)KGHI/IG B JICBOM 4aCTH IMOCIACAHCTO YPABHCHHA OIIMCHIBACT CHUJIbI MHCPIHUH, IICPBOC CJIAracMoc

B [IPABOX YaCTU-YIIPYTO€ B3aUMOJICMCTBUE, & BTOPOU YJIEH B MPABOM YACTHU-ACUCTBUE BHELIHEN

CHUJIBI.

Ecnu crep:xeHb OHOPOAHBIN U €TI0 JIMHENHASA TUIOTHOCTh U KO3((OUIUEHT YIPYTOCTH IMOCTOSIHHBI:
p(X) = P, K (X) =K,, TO ypaBHCHHUE OIICHIBAIOIIEE MaJIble IIPOIOIBHBIC KOJICOAHHS CTEPIKHS UMEET
BU]I

u, =a’u, + f,

rIe
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