Inasa 2. [Ipocreiiinue qjeTepMUHUPOBAHHbIE MOIAEIU

[Ipy u3yyeHUn pa3auyHbIX (PU3MYECKUX SIBICHUN U MPOLECCOB MAaTEeMaTUYECKUMHU METOJaMU
BO MHOTHMX CIy4yasiX YAaeTcs MNOAy4YuTh Aud@epeHInaIbHOEe YpaBHEHUE, PEIICHUE KOTOPOIO
XapakTepusyeT uccieayeMbiii npouecc. Kak mpaBwio, 310 nuddepeHiyaibHble ypaBHEHUS B
YaCTHBIX MPOMU3BOJHBIX, NIPUUEM B OOJIBIIMHCTBE CIIy4yaeB BTOPOro mopsiaka. Takue ypaBHEHUS
NOAPA3ACISAIOTCA HA TPU OCHOBHBIC TPYIIbl, OMNHUCHIBAIOIINE KAYECTBEHHO pPa3JIMYHbIC
(U3UYECKUE TIPOLECChl. YPaBHEHUs THUIEPOOJUUYECKOr0 THUIA OIKCBHIBAIOT KOJIEOATEIbHbBIC
IPOIIECChl. YpaBHEHUS NapaOOJWYECKOrOo THIIA OIMCHIBAIOT IIPOIECCH IIEpeHOca TeIla |
BEIIECTBA. YPAaBHEHHUS SJUIMITHYSCKOIO THUIIA OIUCHIBAIOT CTAIMOHAPHBIC MPOIECCHI, KOTOPHIE HE

3daBUCAT OT BPCMCHU.

Huddepenuranbable YPaBHEHUS BBIOJIHAIOTCS BHYTpPU (WM CHApYy»ku) o0JacTH, B KOTOPOM

HIICTCA PCIHICHHUC.



1. HayajibHbIE U TPAHUYHBbIE YCJIOBUA. YCJIOBUSA CONPSIZKEHNUS

JHuddepennuanbable YpaBHEHUS ¢ OOBIKHOBEHHBIMH, a Te€M 00JIe€ YaCTHBIMU MPOU3BOJHBIMU HMEIOT
OECKOHEYHOE MHOXKECTBO pelieHul. s OJHO3HAYHOTO ONpEAesiCHUs Ipolecca KPOME YpaBHEHHUS

HEO0O0XOIMMO 3a/1aTh €Ie HEKOTOPhIE JOMOIHUTEIbHbIE YCIOBHUS.
Onpenesnenne. Maremarndeckas 3aj1ada NoCTaBJIC€HA KOPPEKTHO (10 Agamapy), €CIIu:
1) penieHue 3a1a4M CyIIECTBYET;
2) pellleHHe 3aJ1a41 €IMHCTBEHHO;
3) pelieHue 3a4a4M YCTOMUUBO (TO €CTh HEMPEPHIBHO 3aBUCUT OT BXOJHBIX JIAHHBIX).

3agaBasi JOMOJIHUTEJBHBIE YCIOBHS, HYXHO TIOMHHUTb, 4YTO 3TH YCJIOBHUS JOJDKHBI OOECIEUUBATH
CYIIECTBOBAHHUE pEIICHUS (3a]a4a HE JOJKHA ObITh MEPEONPEACICHHOW) U €IUHCTBEHHOCTh PEIICHUS
(3amaga HEe NOJDKHA OBITH HEMoOIpeaeneHHoH). JKemareabHO TakXe, 4TOOBI BBIMOIHSIOCH M YCJIOBHE

YCTOMYMBOCTH pelIeHUs (4TO ObIBAET AAJIEKO HE BCEITIA).



PaCCMOTpI/IM OCHOBHBIC THIIBI JOITOJIHUTCIIbHBIX YCHOBHﬁ.

1) HauaabHble yciaoBusi. OnpenesstoT COCTOSHIE CHCTEMBI B HEKOTOPBIN BBIACICHHBIIT MOMEHT
BPEMEHH, KOTOPBIM CUHMTAeTCS «HadalbHBIM» (00braHO OepyT t=0). B ciyuae ypaBHEHMI
rUIepOOUIECKOTO THMA, COJACPIKAIIUX BTOPYIO MPOM3BOAHYIO IO BPEMEHH, HYXKHO 3a7aTh JBa
Ha4yaJbHBIX YCJIOBHUS, KOTOPbIC HAKJIAJAbIBAIOTCS HA (DYHKIIHIO PEIICHUS U €€ MEPBYIO MPOU3BOIHYIO

110 BPEMEHH.

VYpaBHeHUsT MapabOJIMYECKOTO TUIIA COAEPH AT MEPBYIO MPOMU3BOJHYIO MO BPEMEHH, MOITOMY A
HETO CTAaBUTCSA OJIHO HAYAIIbHOE YCJIOBHE, HAKJIAJbIBAEMOE Ha pElICHUE. PelieHue ypaBHEHUS

OJUIMIITUYICCKOT'O THUIIAa HC 3aBUCHUT OT BpCMCHH, ITIOTOMY JIAA HCI'O HAYAJIbHOC YCJIOBUC HC CTABUTCAI.



2) I'pannuHble (KpaeBble) ycaoBHusi. OUpenelssioT COCTOSHHE PEIICHUS Ha rpaHUIle 00JacTH, B
KOTOpOM HIIETCS peumeHue. PaccMoTpuM JIMHEWHBIE TpaHUYHbIE YCIOBUA. Ecnu, Hampumep,
M3ydaeTcs Ipolecc KojieOaHusl CTPYHBI, TO €€ KOHIbI MOT'YT OBITh 3aKpeIlieHbl (yciaoBue Jupuxie),
ObITh cBOOOAHBEIMH (ycimoBue Helimana) mimm OBITH YIPYTo 3akpeIiecHHbIMH (yciaoBHE PoOena).
I'paHrYHBIE YCIIOBUSL MOTYT OBITH 0OJie€ CIOKHBIMHM, HampuMeEp, COAEp)KaTh MNPOU3BOAHBIC IO

BPCMCHHU. HenunHelnbie I'PaHUYHBIC YCJIOBHA OKA3bIBAKOTCS CIIC 0oJ1ee CIIOKHBIMU.

B03MOKHBI TIpeACibHBIC CIydad TpaHWYHBIX ycioBui. IlycTs Touka (M,t), B kxoTOpoOil mIeTCs
pEILICHUE, PACIIONIOXKEHA «JAJIIEKO» OT I'PAHUIIBI B TOM CMBICIIE, YTO BO3MYILIEHUE, BBILIEIIICE U3 3TO
TOYKH, 3a MPOMEXKYTOK BPEMEHU O<t<T B cCuHIy KOHEYHOCTH CKOPOCTH PaCHpPOCTPAHEHMS
BO3MYIICHHSI HE yCIIEBAaeT NOWTH IO TpaHMIbl, TO ecTh B Touke (M,t), rne 0< t < T, «rpanumna He

YyBCTBYETCSD).



B sTOM citydae npuxoauM K 3aj1ad€ BO BCEM MPOCTPAHCTBE. BO3MOKEH TakKe BapyaHT, KOI/a OJHU
IPAaHUIIBI «YYBCTBYIOTCSA», a JIPYTHE «HE YYBCTBYIOTCS», B YACTHOCTH, MOYKHO ITOJIYyYUTh BHEIIHIOIO
KpaeByr 3ajady. Bo Bcex 3Tux ciaydasx s o0ecCIieueHHUs] €IUHCTBEHHOCTH PEIICHMS BHEIIHMX
KpaeBbIX 3a/1a4 HEOOXOAMMO IMOCTaBUTh JIOMIOJIHUTEILHBIC YCJAOBUSA HA 0€CKOHEYHOCTH, YTO MOPOH

ABIIACTCA BCCbMaA HCIIPOCTBIM ACJIOM.

OTMeTHM, 4TO 3ajjadya B HEOrPAHMYEHHOW OOJACTH C YCJIOBUSIMH Ha OCCKOHEUHOCTH OOBIYHO

Ha3bIBaeTcs 3agauer Ko nian HavaJanbHOHU 3a1aden.



3) Ycaosus conpsikenusi. Eciy kod(pUIMEHTH ypaBHEHHS KYCOUYHO-HENPEPHIBHEIE (yHKINH

(HarmpuMep, KOIJla XapaKTEePUCTUKUA CPEbI, 3alIOTHSIONIEH 00acTh D, B KOTOpO#l HILETCS PENICHUE,
KyCOYHO-HEIPEPHIBHBI), TO B TOYKAaX pa3pbiBa (MEPBOro pojia) KOAPHUIIMEHTOB CTABATCA YCIOBHS
conpsbkeHuda. Hampumep, B 3aaye O pacnpoCTpaHEHHM TEIla B TOYKE pa3pblBa CTABATCS JIBA
YCJIOBUSI CONPSDKEHUS: HENPEPHIBHOCTh TEMIIEPATypbl W HENPEPHIBHOCTH IMOTOKOB TEILIA, IPHU
YCJIOBUM OTCYTCTBHS TEIUIOBBIX MCTOYHHKOB HAa TpaHUIlE (€CIIM Ha TpaHUIE pas3feia Cpell €CTh

HNCTOYHHUK TCILJIA, TO PA3HOCTD TCIVIOBLIX ITIOTOKOB IIPOIIOPHMUOHAJIbHA MOITHOCTH 3TOT'O I/ICTO‘IHI/IKa).



2. dusnyeckue 3a1a4M, NPUBOAALINE K YPABHEHUAM IHIEPOOIMYECKOT0 THIIA

1) MaJablie npoaoJibHbIe KOJE0OAHUSA YIIPYTOr0 CTEPKHA

PaccMOTpUM CcTEpIKEHD, PACIIOI0KEHHBIN B MOJIOKEHUN paBHOBeCHs BAOJb ocH Ox oT Touku x=0
110 Touku x=I.

BBeneMm cienyroiiue 0003HAUYCHUS.

1) MsI OyzeMm paccMaTpuBaTh MPOJOJIbHBIC KOJICOAHUS MPHU KOTOPBHIX BCE TOYKH OJHOTO CEUCHUS
UCTBITBIBAIOT OJHO U TO K€ OTKJIOHEHHUE. B 3TOM cllydae KaxI10€ CEYCHUE MOXKHO OIUCHIBATh OJHOU
KOOPZAHWHATOMU. Jlns  ommcanua mporecca KoJeOaHUs CTEPKHS MOXKHO BOCHOJIb30BAaThCS
NEepEeMEHHBIMU Dilyiepa, WM epeMeHHbIMU Jlarpanka. B nmepeMeHHbIX Ditnepa Kaxkaas (pusndeckas
TOYKA CTEP)KHS B pa3HbIE MOMCHTHI BPEMEHHU XapaKTepusyeTCs koopamHaroit X(t). B mepeMeHHBIX
Jlarpanka kaxxkaas pu3ndecKas TOUKa CTEPKHS B TEUCHUE BCETO MPOLIecca XapaKTepu3yeTCsi OMHON U

TOU K€ TEOMETPUYECKON KOOPIUHATOU X, KOTOPYIO 3TA TOYKA UMEJIA B MOJ0KEHUHA PABHOBECHS.



dusnyeckas TOYKAa, 3aHUMABIIIAasAa B HayaJbHBIA MOMECHT (B COCTOAHUH paBHOBCCI/IH) ITOJIOKCHHUC X,

B 110001 ITOCICAYIONIUI MOMEHT BpEMEHH HaXOUTCS B ToUke ¢ koopauHaror X(t)=x+u(x, t), rme X—

nepemeHHas Ditepa. CBsa3b MEX Iy epeMeHHbIMU Jlarpamka u Dittepa nmeet Bua: x=X(t)-U(X,t).

2) MBI OyzeM Ipemonararh, 4To B Ipeaeliax CeUCHUs CBOMCTBA CTEPIKHS IOCTOSHHBI U

0003HaYUM JIMHEUHYIO MJIOTHOCTh CTEPKHS KaK A (X )

3) Manbsivu MBI Oy/ieM Ha3bIBaTh TaKHMe MPOOIbHBIC KOJICOAHUS CTEPIKHS, TIPU KOTOPHIX
HaTSOKCHHMSI, BO3HUKAIOIIUE B IIpoliecce KoeOanuid, momunusroTces 3akony I'yka: F(x,t) = k(x) & ( X, t) :

I'IC OTHOCHUTCIIBHOC YI[J'II/IHGHI/IG
!
_ AX
g(x,t): I|mu ,
AX—0 AX



!

(Ax) :{x+Ax—|—u(x+Ax,t)}—{x—l—u(x,t)}—Ax=u(x+Ax,t)—u(x,t) -

a0OCOIIOTHOE YIJIMHEHHE, OTKY/la OTHOCUTEIIbHOE YIJIMHEHUE PaBHO:
5(x,t) =U, (x, t).
4) Yepes f ( X, t) 0003HAYMM IJIOTHOCTH IIPOAOJIbHON BHEIIHEHN CUJIBI , IPUIOKEHHOMN K

CTEPIKHIO.

byneM mpuMeHATH ClEAyIollee MNMPAaBMJIO 3HAKOB. CHJY, € KOTOPOM YacTb CTEpP:KHS,
pacmoJioxkeHHasi TIpaBee  BbIAEJEHHOI0 CeYEeHHAA, JAeilicTByeT Ha 4YacTb CTepP:KHA,
PACHOJIOKEHHYIO JieBee JAHHOI0 CedeHHsl, OyleM YYHUTBLIBATH CO 3HAKOM ILIKOC, 4 CHIY, €
KOTOPOi#i YacTh CTEP:KHsI, PACIOJI0KEHHAs JieBee BbIJEJEHHOI0 cedeHusl, JelCTBYeT HA YacTh

CTEP KHS, PACIIOJI0KEHHYIO NIpaBee JAHHOI0 CeYeHusl, Oy1eM YYUTHIBATH CO 3HAKOM MUHYC,



JI1s1 BBIBOA ypaBHEHHUS O MAJIBIX MPOJOJIBHBIX KOJICOAHUSX YIIPYTOro CTEPKHS BOCHOJIb3YeMCH

TeopeMoﬁ 00 M3MEeHEeHHH KOJIHYecTBAa ABUKECHUA . UBMCHCHUC KOJIMYCCTBAa JBHKCHUIA

BeIIesenHoro yuactka AX crepskus 3a Bpemst Al paBHO uMmynbey neficTBYIOmux Ha HEro CHII

X+ AX

[ p(&)(u(&t+a0)-u (&0)dé =

X
t+At t+At X+AX

— j {k(x+Ax)uX(x+Ax,r)—k(x)uX(x,r)}dr+ ! drj f(&r)dé

t X

B nanbHelmeM OyieM MpeamnoiaaraTtb, 4To BCE BXOAAIIME B HOCIEeAHIO  GopMyay (DYHKIUU

00J1aJ1at0T I0CTATOYHOM IagKOCThIO: pyHKIMs U (X, t) JABaXXbl HEPEPBIBHO U depeHIpyemMa

mo x u t, GyHKIUA K (X) HempepsIBHO auddepennupyema, a pyHkimn O ( X) u f (X, t)

HEPEPHIBHBI.



Bocnonbizyemcs hopmyion cpeHero 3HaYCHUS

,o(Y)(ut (X, t+At)—u, (Y,t))Ax =

(K(x+Ax)u, (x+A%,T) =k (x)u, (x,T)) At + f (?,t )AxAt,

me X, Xe[x,x+Ax], T, Ue[t,t+At].

MonemuB Ha AXAL u nepexons k npeneny mpu~ AX —> 0, At >0, nomyuynm ogHOMEPHOE

ypaBHEHHE KOJICOAHWI Ha KOHEYHOM OTPE3KE:

p(X)uy (%) =(k(x)u, (x1)) +f(xt).



Ecnu crepskens oguHopoansrit ( K (X) = ko, P ( X) = Py ), TO YpaBHCHHE KOJIcOaHUH IPUMET B/

U, (X, t)=a’u, (xt)+F(xt),

rac

1 f(xt), a’=—"2.

F(x,t)=
( ) Lo Lo

[TocTpoeHHOE ypaBHEHHE JJIs1 MaJIbIX MPOJIOIbHBIX KOJICOAHUN YIIPYTOTO CTEP>KHS SIBJISIETCS

ypaBHEHUEM TUIIEPOOINYECKOro THUIIA.



ITocTaBuM HadyaIbHO-KPAEBYIO 3aj1a4y, MOJICIUPYIOIIYIO MTPOIECC MAJIBIX MPOJOIbHBIX KOJICOaHUH
YIIPYTOTO CTEPIKHSL.

p (XU, (X,1)= ((x)ux(x,t))x+f(x,t), xe(0,1), te(0,),
u(x,0)=p(x),
U, (x,0) =y (x), XE[O,|],

u(0,t)=0, u(l,t)=0, te[0,).

-
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o
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Mozenb BKIIOYaeT B ceOsl ypaBHEHHE KoebaHuii, koTopoe BhINONHSeTcss B obmactu X €(0,1),

te (O, oo), JBa Ha4YaJIbHBIX YCJIOBUS U JIBA TPAHUYHBIX YCJIOBHS IIepBoro poaa (yciopus Jupuxie)
Ha JICBOM M IIpaBOM KOHIIAX CTepkHsA. JlaHHasi Mojesb SIBJASIeTCSl JeTePMHHUPOBAHHOM

aupPepeHINATBHON MATEMATHYECKOU MOIEJIBIO.

[TonmyuyeHHOE ypaBHEHHUE KOJIEOAHUM SBISETCS YPaBHEHUEM THIIEPOOJIMYECKOIO THIIA.



Onpenenenune. Oyuxknus U (X, t) HA3bIBAECTCSA KJIACCUYECKUM PEIICHUEM IMOCTABICHHOM

HaanBHO-KpaGBOﬁ 3aadu, €CJIM OHaA.

1) nBaxxabl HEMPEPBHIBHO AuddepeHimpyema 1o x v 1o t B oonactu X € (O, | ) , 1e (O, oo),
HENpEephIBHA 110 X U HEMPEPBIBHO AuddepeHuupyemMa no t B oosmactu X € [O, |] , 1€]0,00),

2) YIOBIIETBOPSICT YPAaBHCHUIO B KJIACCHYECKOM CMBICIIE (ImoacTaHoBKa U (X,t) B ypaBHEHHE
IPUBOJUT €r0 K TOXKIECTBY),

3) HENPEePHIBHO IPUMBIKACT K HAYaIbHBIM U TPAHUYHBIM YCIIOBHSIM.

HCO6XOJ_'[I/IMBIM YCIOBHUEM CYHICCTBOBAHUC KIIACCHYCCKOI'O PCIICHUA IIOCTABJICHHOM HAa4YaJIbHO-

KpaeBOﬁ 3aa4u ABJBICTCA  YCJIOBHE COIVIACOBAHUIA HAYAJbHBIX H TI'PAHHYHBIX yCHOBHﬁZ

¢(0)=0, ¢(1)=0, w(0)=0, w(I)=0.



2) PazauuyHble BUABI TPAHUYHBIX YCJIOBUIA

PaccmoTpum Oosiee moapoOHO MOCTAaHOBKY PA3IMYHBIX TUIIOB JIMHEHHBIX T'PAaHUYHBIX YCIOBHUI Ha
pyUMeEpe HavaJbHO-KPAaeBOM 3a/1a4i, MOJACIHUPYIOIIEH MPOILIECC MaJIbIX IIPOAOJIbHBIX KOJICOaHUI

yIpyroro crepxHs JuHbl | . Ji1g onpeneneHHoct OyaemM paccMaTpuBaTh JIEBbI KOHEIl CTEPKHS

x=0.

a) 'paHnYHbBIE YCJI0BHS IEPBOT0 poaa — rpaHuYHbIe YcaoBusi Jupuxie. C Gu3HIeCcKOl TOUKH
3pEHUS JIEBBIA KOHEI CTEPHKHS MOKET HAXOAUTHCS B PA3JIUYHBIX YCIOBUAX: OH MOXKET OBITh KECTKO
3aKpeIUIeH (CTEP>KEHb 3aJIeJIaH B CTEHY) WJIX K€ JABUTAThCS MO ONPEACICHHOMY 3aKOHY (CTEPKEHb
KECTKO MPUKPEIUICH K MUIMTE, COBEPIIAIOIICH 3aIaHHOE IBMKEHUE). MaTeMaTu4eCcKy 3TO YCIOBUE

3allUCBIBACTCI TaK

(0,)= (1) t[0,0)

rme 4 (t) —sanannas Gpynxums.



IIpu 1 =0 nomyvaercs oqHOPOAHOE ycnoBue Jupuxiie, a npu g # 0 — HEOAHOPOAHOE YCIOBHUE

Jupuxiie.

0) I paHuYHbIE YCJI0BUA BTOPOIo poaa — rpanu4yHbie yejaosusa Heiimana. Eciu 3a7aH 3akoH
M3MEHEHHUS CHIIbl | (t), MPUJIOKEHHOM K JIEBOMY KOHITY X = 0 CTEPXXKHA W JCUCTBYIOIIEH B
IIPOJIOJIbHOM HAIPABIIEHUH, TO, UCIIOJIb3Ysl 3aKOH [ 'yKa, TPaHUYHBIA PEKUM HA 3TOM KOHIIE MOXKHO

3aIucarh ClaeAyroIum oopasom ( k (x) — K09 UIMEHT YIPYTOCTH CTEPIKHS):

k(0)u, (0.) = f (t)

u,(0,t)=v(t), te[0,o0),

500051

rae v ('[) = %O> f (’[) — 3ananHas Qynkuua. [pu v = 0 nomydaercs ogHOPOJHOE YCIIOBUE
Hetimana, a ipu” vy # () — HeomHOpOaHOE yenoue Hetimana. OgHopoaHoe yciaopue Helimana

O3HAYaECT, YTO JICBBIM KOHEI[ CTEP>KHA CBOOOEH, K HEMY HE MPUIIOKEHA CHUJIA.



B) [ pann4yHbIe YCJI0BHS TPETHEro poaa — rpaHu4Hblie ycaoBus Pooena. [Ipeanomnoxnm, 4to
JIEBBIM KOHEI] CTEPXKHS 3aKPEIUIEH YIPYro, HaAIpUMEpP, C MOMOIIbI MPYXKUHBI, KOIDPUIIHEHT
AKECTKOCTHU KOTOpOU paBeH (X . CormacHO 3akoHy ['yka, cuna ympyroctu, KOTopas CTPEMHUTCA

BEPHYTH JIEBBIM KOHEL[ CTEPKHS B MOJIOKEHUE PABHOBECUS, IPONIOPLUOHANIBHA cMeeHulo U (O, t) :
['paHUYHBIN PEKUM MOXKHO 3aIlMCaTh CICAYIOIINM 00pa3oM:
k(0)u,(0,t)=cu(0,t)
158105
u,(0,t)—hu(0,t)=0, te|0,00),
e h=alKk (0) [TocTpOCHHOE TPAHUYHOE YCIIOBHUE HA3BIBACTCS OJJHOPOAHBIM I'PAaHUYHBIM

YCJIOBUEM TPETHEr0 Pojia, U OJHOPOJIHBIM I'PaHUYHBIM yciaoBueM PoOeHa.



Ha j1eBOM KOHIIE CTEP>KHSI MOXKHO 33/1aTh KOMOUHAIIUIO YIIPYTOro 3aKperuieHUs] M CMEIICHHS.
CrepKeHb ¢ MOMOIIBIO MTPYKUH MOXKET OBITh MPUKPEIUVIEH K IUIMTE, KOTOpas  IepeMellacTcs

napajulebHO CTEPKHIO [0 HEKOTOPOMY 3aKOHY, OIIpeAeIeHHOMY (DyHKIMen V (t) B sToMm cityuae

IMOJIy49acTCA IrpaHUMYIHOC YCJIOBHUC CJICAYIOIICTO BUJIA
k(0)u, (0,t)=a(u(0,t)—v(t))

u, (0,t)—hu(0,t)= u(t), te[0,0),

50051

a
e M (t) =—hy (t), h=——. [locTpoeHHOE YyCIOBHE  Ha3BIBACTCSA IPAaHUYHBIM

k(0)

HEOAHOPOJHBIM YCIOBUEM TPETHETO POJIa WIIM I'PaHUYHBIM HEOJHOPOAHBIM yciioBueM PobOeHa.



F) boJiee ciaoxxHbIE BH/bI I'PAHUYIHbBIX yCHOBHﬁ. du3nyeckas NoCTaHOBKA 3alavd MOKCT

IIPUBOANTD K 0oJIee CII0KHBIM I'PaHUY9HbIM YCJIOBHAM, B YaCTHOCTH. HEJIMHCUHBIM.

a) HenuHeliHble TpaHUYHBIC YCIOBHS BO3HUKAIOT, HAIIPUMED, MPHU YIIPYTOM 3aKpEIJICHUU, HE
MOUUHSOIIEMCS 3aKOHY ['yka. Eciy HaTs)KeHUEe Ha JIEBOM KOHIIE CTEPKHS SIBJIIIETCS HEIMHEHHOU

(¢pyHkuen cmemenus U (0, t) , TO TPAHUYHOE YCIIOBUE IPUMET BU/I

L

u, (0,t)= (0) Plu(o,t)],

rne P [u (O, t)} ONPENEIISIET YIIPYTYIO CUITY, IPUIIOKEHHYIO K JIEBOMY KOHIIY CTEPKHS U

JNEUCTBYIOIYIO B IIPOJIOJIBHOM HarpasliieHnto. Hampumep,

U, (0,t)=—u?(0,t).

k(0)



B rpaHnyHoO€ yCJIOBHE MOTYT BXOJIMTh ITPOU3BOJIHbIE (PYHKIIMU IO BpeMeHu. Hanpumep, eciu
JICBBIA KOHEI[ CTEPKHS UCTIBITHIBAET COMMPOTUBIIEHUE CPEBI, TPONOPIHMOHATLHOE CKOPOCTH €TO

JIBUKEHUS, TPAHUYHOE YCIOBHE 3alIMChIBACTCS B BUJIC
k(0)u, (0,t)=au,(0,t), te[0,).
e ¢ - KO3(PQUIIMEHT CONPOTUBIIEHUS CPEIBI.

['pannyHbIe yCIOBUA MOTYT COIEP)KATh IPOU3BOIHBIEC OPIJAKOB BhIlIE niepBoro. Ilycres ynpyrui
CTEPXKEHBb PACIIOJIOKEH BEPTUKAIILHO U BEPXHUHU €r0 KOHEI| 3aKPEIUIEH HENOABUXKHO — 33J€JIaH B
noToJIOK. K HH’)KHEMY KOHITYy CTEp KHS MPUKPEIJIEH MAaCCUBHBIA a0COTIOTHO HEASPOPMUPYEMBIN IPy3
M, XOTOpBIN HAXOAUTCS HA IUIOIAJKE U HE PACTATUBACT U HE CHKUMAET CTEPXKEHb. B HavalbHbIN
MoMeHT BpemeHu t = () mromanky youparot. [Ipennonoxum, uto Macca ctepxus M MHoro

MeHbIIIe Mace rpy3a M. bynem npeneOperarb 1€HCTBUEM CUJIBI TSHKECTH HA CTEPKEHb.



HampaBum ocb X BIIOJIb CTEpPKHS, TaK 4TO BepXHUM kKoHell umeeT abcuuccy X — (), Torma Ha

BEPXHEM KOHIIE CTEPKHSI TPAHUYHBIM YCIIOBHEM OYIET OJIHOPOJHOE YClIoBUE Jupuxiie
U(O,t):O, te[oyoo)i

4 I'PAaHUYIHOC YCJIOBHUC HAa HM)KHEM KOHIIC UMCCT BH /I

mu, (1,t) = —k (1)u, (1,t) + Mg,

rac S — INIOIIAaab ITOIICPCHHOI'O CCUCHUA CTCPIKHII.



3) MaJble monepeyHbie KoJe0anus YIpyroi CTpyHbI

IIycTh B COCTOSHMM paBHOBecUs CTpyHa jimHbI | pacnomoxkena Bmonab ocu X U 3aHMMAaer
nonoxenne or Toukn X = () 1o Toukm X = | . PaccmarpuBaroTcs Masble onepedHsle KonebaHus
CTPYHBI, IPUYEM TMEPEMEIIECHUS] CTPYHBI PAaCIOI0KEHbI B OAHOM IIOCKOCTU. IIponecc konebaHus
CTPYHBI MOKHO omnucarh ¢ momMompio Qynkuuun U (X,t), NPEJCTABIAIONICH COO0M MOMEpPEeYHOE

CMeI[eHNe TOYKH CTPYHBI ¢ KoopaAnHatoii X B MoMeHT Bpemenn L.

CtpyHa paccMaTpuBaercsi KaKk rm0Kasi HATh, HE OKa3bIBalOIlas CONPOTUBJICHHE H3rHOy, HO

OKa3bIBaromiass COIIPOTHUBJICHUC PACTIKCHUIO.



BOSHI/IKaIOH_II/Ie B paCCMarpuBaromicM CiJIydac HAIIPSOKCHUA HaAIIPAaBJICHBI I10 KacaTeJbHOM K €€

MTHOBEHHOMY HPODUIIO.

Tak kak paccMarpuBarOTCd Majble KOJICOAHHMS, TO BO3HHUKAIOIIME B CTPYHE HaIpPsKCHUSA

OIpEHEIIAI0TCA 3aKOHOM | yKa.
y (uz(x,1t)<1)
B cuny Manioctu kone0anui OyJieM YUYUTBHIBATh TOJBKO YWICHBI IEPBOTO MOPSIKA x \ /s :

[loncunraeM yajavHEHUE ydacTKa CTPYHBI (X, X+ AX) B MoMeHT BpeMenn L. JlnmHa myru sToro

y4acTKa paBHaA A

AS = j \/1+uf(x,t) dx = AX.

CJ'IGI[OB&TGJ'ILHO, B IIpcaciax HpI/IHHTOﬁ TOYHOCTHU YIVIMHCHUA Y4HAaCTKAa CTPYHbBI B IIPOHCCCC

KOJICOAHUW HE MPOUCXOJIUT.



B cuny 3akoHa ['yka BennumHa HaTSKEHUS 1 B KQXI0M TOUKE HE UBMEHSIETCS CO BDEMEHEM.

HpOGKI_II/IH HaTsDKeHUss Haocu X U1 U IIpru Yyd4c€TC YICHOB TOJIBKO IICPBOIO IIOPAAKA MAJIOCTH

pPaBHBI

IJI€ O/ - YTOJI MEXKAY KacarelbHOU K KpuBou U (X, t) pu GUKCHPOBAaHHOM 3HaueHnu U u oceio X,



Tak kak YUYUTBIBAKOTCA TOJIBKO ITOIICPCHYHBIC KOJ'IC6aHI/I$I, TO CJICAYCT YUUTBIBATH CHUJIBI MHCPLIHUHU U
BHCIITHHUC CHUJIbI, HAIIPABJICHHBIC JIMIIIb BJIO0JIb OCHU u. HOBTOMy CyMMa HpOCKHI/Iﬁ CHUIJI, I[CﬁCTBYIOH.[PIX

Ha BBIJIEJIEHHBIN y4acTOK CTPYHBL ( X, X+ AX) Bmons ocu X, pasHa I (X)—T (x+Ax)=0.
y py , p X X

YuuteiBas, uto 1, =T (X), mosydgaem, 4to | (X) =T (X + AX).

B cuiy npou3BOJIBHOCTH TOUKH X HATSHKEHHE HE 3aBUCHT OT X, TO €CTh | (X) =T,.

Kak u B ciaydae MajnbIX NPOJOJBHBIX KOJICOAHUM YIPYroro CTEPXHs, IS BhIBOAA YpPaBHCHMS,
OMHUCHIBAIOIIETO MAJIbIC MONEPEYHBIX KOJCOaHUsI YIIPYTOM CTPYHBI, BOCIIOIB3YEMCS BTOPBIM 3aKOHOM
HprOTOHA - 3aKOHOM U3MEHEHUS KOJIMYECTBA JABWXKCHUS. U3MEHCHUE KOJUYECTBA JIBUKCHUS PABHO

UMITYJIbCY JIEMCTBYIOIUX HA BBIACICHHBIA YYaCTOK CUIL.



O06o03HaunM yepes p(X) JTMHEHHYIO IIJIOTHOCTh CTPYHEI, a uepe3 f (X, t) IUIOTHOCTH MONEPEUYHOMN
BHEIIHEW CUJIbI, PUIIOKEHHOU K CTPYHE.

Bropou 3akoH HeroTOHA 17151 ydyacTka (X, X+ AX) CTPYHBI BBIIVISIUT CJIEAYIOIINM 00pa3oM:

X+ AX

| p(&)(u (&t+At)—u (&)=

X
t+At X+AX t+At

— jTo(ux(X+AX,2‘)—UX(X,T))dT+ ;[ dé_! f(g‘,r)dr.

t

[Ipennonoxum, uto pyHkuus U (X, t) BBl HEMPEPBIBHO IH(pPepeHunpyema, a GyHKIUH
p(X), f (X,’[) HENPEPBIBHBI P X € (O, | ),t e (O,oo).
BoCnonb30BaBIIMCE (POPMYIION CPEIHETO 3HAYEHHUS, TOJEIUB pe3yibTaT Ha npousseneaue AXAL

u epexond k npeaeny npu AX — 0, At — 0, nonyunm nnddepennuansnoe ypaBHeHue:



p(X)uy (X, 1) =Tou, (x,t)+ f (x,t).

Eciu TIOTHOCTh CTPYHBI ITOCTOSTHHA P (X)= Py, 10 YPaBHEHUE NIPUHUMAET BU/I

u, =a‘u, +F(xt),

[Tomy4eHHBIC YpaBHEHHUS ONIMCHIBAIOT MAJIbIE TIONIEPEUHBIEC KOJICOAHWsI YIIPYTOM CTPYHBI U

SABJISIFOTCSI TPOCTEHIIIAM TPUMEPOM YpaBHEHUS KOJICOAHUM.

JI71s1 moJTy4eHust IeTEPMUHUPOBAHHON nuddepeHIIMaIbHON MOJEN, OITUCHIBAIOIIECH MaJlbie
MIOIIEPEUYHbIEC KOJIEOAHUSI YIIPYTOM CTPYHBI, K MOJYYEHHOMY YpPaBHEHHUIO HEOOXOIMMO J00aBUTh

HAYaJIbHBIC 1 I'PAHUYHBIC YCJIOBHA.



HauanpHO-KpaeBas aeTepMUHHpOBaHHAs AuddepeHInaibHas MOIe]Ib UMEET BU/I

pu, =Tou, + f(x1), xe(0,1), te(0,m),
u(x,0)=p(x), xe[0,1],

u, (x,0)=y(x), xe[0,1],

au, (0,t)+ Au(0,t) = (t), te[0,0),
U, (1t)+ Bu(l,t) = u, (t), te[0,0),
oy |+|B]#0,i=12.

\

[TocnenHee yCIOBUE O3HAYAET, UTO KO3 buIeHTs! &, (l =1, 2) HE MOT'YT 00paIlaThCs B HOJIb
OJIHOBPEMEHHO.



HauanbHble yCI10BHS 3a/1a10T B HAYaIbHbIM MOMEHT { = () mpouiIb CTPYHBI U CKOPOCTh BCEX €€
TOYEK.

I'paHMYHBIC YCIOBHS 3aBUCAT OT CIIOCOOOB 3aKPEIUICHUS KOHIIOB CTPYHBI. DTH YCIOBHUS MOTYT
OBITh TUHEHMHBIMHM 1 HETMHEHMHBIMH, COACPKaTh MMPOU3BOIHBIC 110 KOOPAMHATE U 110 BPEMEHH
BBICIIIMX MOPSAKOB. B MMHEHHOM ciydae paccMaTpHBalOT I'PaHUYHbBIE YCIOBUS TIEPBOTO poaa
(ycnoBus Jupuxie), yciioBust BToporo poja (ycinoBust HelimaHa), yCiaoBus TPEThEro pojia (yCciIoBUs

PoOena).
B o0mieM ciryyae Jjis JIEBOIo KOHIIA CTPYHBI TPAaHUYHBIC YCIIOBHS UMEIOT BU/I:

au, (0,t)+ Bu(0,t)= g (t).

Ipu o, =0, B, #0 nomyuaercs rparnuHoe ycnosue Jupuxie, npu o, * 0, ,31 =0 - rpannunoe

ycnosue Heiimana, mpu ¢ # 0, B, #0 - rpannunoe ycnosue PoGeHa.

B o6uiem cyuae (mpu «; #0, f. #0, 1 =12 ) knaccuueckoe penieHue onpeaensercs Tax:



Onpenenenue. OyHKIUS u (X,t) HA3bIBAECTCS KJIACCUYECKHUM PEIICHUEM MOCTABICHHOU

HaanBHO'KpaGBOﬁ 3a1a4u, €CJIN OHa.

1) nBaxknbl HenpepsiBHO AuddepennupyeMa 1o x u o t B oomactu X € (O, | ) , Le (O, OO) :

OJIUH pa3 HEMpepbIBHO Auddepennrpyema o x u no t B oonactn X € [0, | ] , 1€]0,00),
2) yIOBIETBOPSET YPaBHEHHIO B KJIACCHYECKOM CMbICIIe (TmogcTanoBKa U (X,t) B ypaBHEHHE
IPUBOJNT K TOXKJIECTBY),

3) HCIIPCPBIBHO IIPHUMBIKACT K HAYAJIbHBIM U I'PAHUYHBIM YCIIOBUAM.

HeoOxonrumoe ycioBHeE CYIIECTBOBAHKE KJIACCUUYECKOTO PEIICHUS — YCJI0BHE COTVIACOBAHUSA

HAYaJbHbIX U I'PAHUYHBIX yCﬂOBHﬁ:

220 o (0)=u0). @ W pp0)= (o).
0 22Oy (0)=10), & 2 (1)= 1 (0)



4) MaJsblie nmonepeyHbie KOJieOaHusi MEMOPaHBI

PaccmoTpuM 1mipuMep ypaBHEHHS, OIMCHIBAIOIIECTO IIPOLIECC KojleOaHuMW B Cliydyae JABYX

IMPOCTPAHCTBCHHBIX IICPCMCHHDIX.

MemOpaHo# Ha3bIBACTCA HATSHYTAs IUIOCKAS TICHKA, HE CONMPOTUBIISIONIASICA U3TH0y WUJIW CIBUTY,

HO OKa3bIBaromasa COIIPOTHUBJIICHHUC PACTAKCHUIO.

[Ipu ornpeneneHHpIX YCIOBUAX IUIOCKYK IUIACTUHY, Y KOTOPOM TOJIIMHA MHOTO MEHBIIE

MOIEPEUYHBIX Pa3MEPOB, MOKHO pacCcMaTpUBaTh Kak MEMOpaHYy.

YPaBHCHI/IC, OIIMChIBAIOICC MAJIBIC ITOIICPCHHBIC KOJICOaHUsI M€M6paHBI, IMOJIy49acTCia aHaJIOTHUYHO

TOMY, KaK ObIJIO TTOJTY4YEHO YPaBHEHHUE MAJIBIX MOMEPEYHBIX KOJICOAHUN YIIPYTOM CTPYHBI.

Ilycth B TOJNOKEHHMH paBHOBeCHs MeMOpaHa pacrmojoxkeHa B Iuiockoctu z=0 mexapToBoi

MPSIMOYTOJILHOM CUCTEMBI KOOPJIMHAT.



BBeneMm cienytoiniue 0003HaUYCHUS:

u (X, Y, t) ~ BEJIUYMHA [TOIEPEYHOIO CMEIIEeHUs TOUkH M (X, Y)M6M6paHBI B MOMEHT BpeMEHHU 1 ;

p(X, y) — IOBEPXHOCTHAs MJIIOTHOCTh MEMOPaHBI;
To — HATSHKECHUE,

f (X, Y, t) — IUJIOTHOCTH UMITYJIbCA BHEIIHEN MONEPEYHOM CHIIBI, ICMCTBYIOIINI HA MEMOpaHy B

touke M (X,y) B MOMeHT.

bynem paccmarpuBaTh MaJible IOMIEPEYHBIE KOJIEOAHWSI MEMOPaHBI, IIPU KOTOPBIX CMEIIEHHE

MPOUCXOJIUT NEPIEHAUKYISPHO MIOCKOCTH MEMOPaHbI (X, y) U TIPA KOTOPBIX MOXKHO MPEHEOPEYD

KBajparamu BeymuuH U,, U, .



YpaBHEHHE MaJIbIX MONEPEUYHBIX KOJIeOaHU MeMOpaHbl OyJeT UMETh CJICAYIOIIUMN BU/I:
p(X, y)u, = (u +u )+ f(xy,t),

rne | (X, y,t) — 3amgaHHas QyHKIHUI.

[IycTh B IOJIO’)KEHUHW PaBHOBECHUSI MeMOpaHa 3aHUMaeT 001acTh G MII0CKOCTH (x, y), KOTOpas
OTpPaHUYE€HA KOHTYpOM I.

Kak 1 B oqHOMEpHOM ciiydae, 41l KOPPEKTHOM MOCTAHOBKY 33J1a4M HEOOXOIUMO 3a]1aTh J1Ba
HAYaJIbHBIX YCIOBUS U TPAHUYHBIE YCIIOBHUA.

Ecnu rpanuna I' MeMOpaHbl IBMXKETCS 3aIaHHBIM 00pa30oM B MJIIOCKOCTH (X, Y) , TO TIOJIy4aeM

IrpaHAYHOE YCIOBHE MEPBOTO pojia (TpaHUYHOE yciioBue Jupuxie):

u(x y,t)=pu(xyzt), (x,y)el, te[0,00),



YcaoBue 3aKperICHHON TPpaHUIIbl MEMOPaHbl UMEET BU]T

u(x,y,t)=0, (x,y)el, te[0,).

Ecmu k I'PpaHULC IIPUITOKCHA 3a/IaHHasd CHUJIa, TO ITOJIYy4aeM I'PaHUYHOC YCJIIOBHUC BTOPOI'O poaa

(rpanuyHoe ycioBue HelimaHa):

ou

%(X, y,t)=y(X, y,t), (x, y)eF, te[O,OO),

0 v :
rae —  O3HAYACT NPOU3BOAHYIO 110 HOPMAIH K KOHTYPY I, nexarneit B omockoctu  (x,y):

ou = 8_uc05a + a_uCOS [, COSq,CoSs 3 — HallpaBJSIOIIME KOCUHYCBI HOpMaIu: N = {COS a,C0oS 3 } :

aéx

[Tpn ,u(X, Y, t) =0 momygaem ycinoBre cBOOOIHOM IPAHMIIB:

ou
%(x, y,t)=0, (x,y)el, t[0,).



Ecnu rpanuiia MeMOpaHbl 3aKperieHa YIpyro v Ipy 3TOM JIBUXKETCS 10 3aITaHHOMY 3aKOHY B

MIoCKocTd (X,Y),T0 IpaHMYHBIM YCJIOBMEM SBJAETCS IPAHMYHOE YCIOBHE TPETHEro poja

(rpannuHO€ ycioBue PoOeHa):
ou
a (X y)a—n(x, y,t)+B(x y)u(x y,t)=u(xy,t), (x,y)el, te[0,),

e o ( X, y) , B ( X, y) — 3amaHHbIe Ha KoHTYype | QyHKIMM.
B 3aBUCHMOCTH OT peaibHbIX (PH3MYECKUX 3a/1ad IPAHMYHbIE YCIOBUSA MOTYT OBITh M 0oliee
CJI0’KHOTO BUJIa, B YACTHOCTH, HEJIMHEWHBIE U COfiep Kalllie IIPOM3BOIHBIE [0 KOOPAMHATAM OoJee

BBICOKOI'O ITOPAAKA, a TAKIKE IIPOU3BOAHBIC ITO BPCMCHU.



HauanbHo-KpaeBas 3ajada, ONMUCHIBAIOIIAS MPOLIECC MAJIbIX MOMEPEUYHBIX KOJIeOaHU MEMOpAHHI,

CTABUTCS CICIYIOIIAM 00pa3oM:

-

oU, :To(uxx+uw)+ f(x,yt), (x,y)eG, te[0,),
u(x,y,0)=p(x,y), u (x,¥,0)=w(xy), (xy)eG,

ka(x, y)g—a(x, y,t)+B(x, y)u(x, y,t)=u(xy,t), (x,y)el, te[0,).

N




S) YpaBHenuss MakcBeJliia

PaccmotpuMm cucrtemy ypaBHeHU MakcBeiluia B OMHOPOAHOU U30TPOITHOU cpelie. bynem

nucnonb3oBarh cuctemy CHU, B KoTOpor ypaBHEHU MakcBeiuia UMEIOT BU:

-

oD .
rotH =—+j+j'",
ot
B
JrotE = —a—,
ot
divD = p,
|divB =0.
) -(c1)
3)16013 J — INIOTHOCTB TOKaA ITPOBOJIUMOCTH, J ~INIOTHOCTH CTOPOHHHUX TOKOB, ,0 - 00beMHas

IIJIOTHOCTD 3apsiJIOB.



K BOCBMM CKJISIPHBIM YPABHEHHUSM JI00ABUM MaTE€pUAIbHbBIC YPAaBHEHUS
D=¢E, B=uH,
1

e &, = &, — a0CONIOTHAS ANIIICKTPHICCKAs IPOHUI[ACMOCTH, gy = FT 10°®/m -
T
-7
SIEKTPUYECKas MOCTOSHHAS, [L, = LI,/ —aOCONIOTHAS MATHUTHAS IPOHULAEMOCTD, Ly = 47107 1"/ m—

MArdvuTHasaA ITOCTOsSHHAA.

[InoTHOCTE TOKA MPOBOJMMOCTH | CBsI3aHA C BEKTOPOM £ ypaBHEHHEM, BRIpaKaroIuM 3akoH Oma B

muddepennanbHon hopMme: J = ok, tne ¢ _ mposomumocTs cpenkl.

[TOCKOJIbBKY TI0 MPEAINOJIOKEHHUIO Cpella SBISETCS OJHOPOJAHOM M HW30TPOMHOM, TO BEJIWYUHBI

E o lLla , O ABJEAIOTCA TOCTOAHHBIMUA CKAJIAPHBIMU BCIINYHMHAMMU.



- =|CT
IlepBoe ypaBHeHue Makcsesia rotH = 8_+ ]+ j( ) ABIIIETCA KOJIMYECTBEHHBIM
t
BBIPAKECHUEM CJICAYIOUIETO ITOJIOKEHUA. TMIEPEMEHHOE BO BPEMEHHU BJICKTPUUECKOE IIOJIE B3BIBAET
oD

TAaKO€ 7K€ MarHUTHOE II0JIE, KAK U TOK IPOBOAUMOCTHU C OOBEMHOM IIOTHOCTLIO Jo = ot e J. -

INIOTHOCTDH TOKa CMCIIICHMS.

oB

Bropoe ypaBuenune Makcsesia OtE = _E ABJIsIETCS 0000IIEHHBIM BBIPAXKEHUEM 3aKOHA
@apaness B auddepeHunanbHol (popme: U3MEHEHHE BO BPEMEHHM MArHUTHOTO II0JiE B Toke M
NPUBOAUT K TMOSBICHUIO B TOM K€ TOYKE DJJICKTPOMArHUTHOIO IIOJISl, H3MEHSIOIIErocs B

MPOCTPAHCTRE.

3aKOH JJIEKTPOMATrHUTHOM UHAYKHUU Dapajgesa. n0pu HW3MECHCHUM MAarHUTHOTO TIOJIA,
MPOXOIAIIETO YEPE3 3aMKHYTHIM MPOBOJHUK, B MOCIECIHEM BO3HUKAET 3.1.C., MPONOPIHOHAIbHAS
CKOPOCTM M3MEHEHMsI II0TOKA. BCAKOe HW3MEHEHHME MArHUTHOTO TIOJS BBI3BIBAET MOSIBICHUE

BHUXPCBOI'0O SJICKTPHUYCCKOI'O ITOJIA.



Tperne ypaBHenue MaxkcBeia divD = [0 CIEICTBHEM SKCIEPUMEHTAILHO yCTaHOBJICHHOTO
3akoHa KynoHa W TOKa3bIBa€T, YTO MCTOYHHKOM SJICKTPUYECKOIO MOJS SBJISIOTCS 3JIEKTPUUECKUE

3apsapl. DTO ecTh audepennuanbHas popma TeopemMsl ['aycca.

Teopema Iaycca: mOTOK BEKTOpa JJIEKTPUYECCKOM HHIYKIMU YEpPE3 3aMKHYTYH) MOBEPXHOCTb

PaBEH ajreopanvecKoi cyMme 3apsioB B 00beMe, OrpaHUYEHHOM 3TOM MOBEPXHOCTHIO.

YerBepToe ypaBHeHne MakcBeJlia divB =0 MOKa3bIBAET, YTO MAarHUTHOE I0JIEC UMEET

BUXPEBOU XaPAKTEP U CUJIOBBIE JIUHUHU BEKTOPA MATHUTHOM UHIYKIIMU BCEIrA 3aMKHYTHIE.

I[TonelicTByeM Ha IMpPaByIoO M JIEBYIO YacTH IepBoro ypapHeHus Makcsemia oneparopom Ot 151

ydaTeM HopmMyiy
rot rotH = grad divH —V°H.



B pesynbrare noayyum:

rot rotH = ¢, 9 {OLE + GTOLE + rot i = graddivH — V2H.

ot
YuuTeiBasd, 9T0 otE = — 7 G_H 1 djvH = O , MOIy4YnM BEKTOPHOE YPABHEHHE KOJICOAHMUIA:
ot
82 H 5H 2 -(cm)
g +ou,—=V°H+rot
Mooz Tyt .

B nexapTroBor npsIMOYTrojJbHOU CUCTEME KOOPAMHAT IAHHOE YPABHEHUE MOYXKHO 3aIMCaTh

IOKOMIIOHEHTHO, IPUYEeM UL KaXKI0M KoMIOHeHTsl H , H , H, momydaercs ckamspHoe

o‘u  ou
BOJIHOBO® YDABHEHHE BHIA =7 +a i a’Au+f(M,t), e
o 5 1
a=—, a = , & — xo>(b]UIHMEHT 3aTyXxaHus, CQ - CKOPOCTh AIEKTPOMATHUTHBIX BOJIH.

g(l gCl lLla



6) TeaerpadgHublie ypaBHeHUA

PaccMoTpuM npoxoXkAeHHE TOKA MO IMPOBOJY € paclpe/ieIeHHbIMU ITapaMeTpaMu. BBenem 0003HaueHUS:

| — cma Toka; U —Hamnpsbkenue; R — conmpoTuBiaeHHe, pacCUMTaHHOE . Ha  €IMHUIYY JUIMHBL, L —
KOA(PhUITMEHT CaMOMHAYKIIMHU, PAaCCUMTaHHBIM Ha eauHuily miuHbl, C - koddduimumeHT EMKOCTH,

pacCUMTaHHbBIA HA €AUHULLY JTTUHBI; G-KOA3(POUIIMEHT YTEUKHU, pACCUUTAHHBIA HA €IMHUILY JIJTMHBI.

[Tpumennm 3akoH OMa K y4acTKy IIpOBOJIa JUIMHOM OX: TajieHre HaNpsOKSHHS Ha 3JIEMEHTE ITPOBOJIa

JUIMHOM dX paBHSETCS CyMMe DIICKTPOIBIIKYIITUX CHII:

—u, dx =I1Rdx +1,Ldx.

KosmyecTBO 2JIeKTPHYECTBA, MPUTEKAIOIIEr0 HA 3JIeMeHT mpoBoaa dX 3a Bpems dt:

Li(x,t)—i(x+dx,t) |dt =i, dxdt



PaBHO CYMME€ KOJINYECTBA JJICKTPHUYICCTBA, He00X0AuMOoro AJs 3apAAKH 3JICMCHTA dX, 4|

KROJINYIECCTBA, TCPHAOIICIOCHA BCJICACTBHEC HECOBEPIICHCTBA N30JIAIINNA .
Clu(xt+dt)—u(x,t)|dx+Gdxvdt =(Cu, +Gu)dxdt,

IIPUYCM BCIINYHNHA ITIOTCPb CUUTACTCS HpOHOpHHOH&HBHOﬁ HaIIPsS>KCHUIO B paCCManHBaCMOﬁ TOYKC

IIPOBOJA.

N3 monydeHHbIX POpMYIT CIIETyET cUcTeMAa TeJierpagHbIX ypaBHEHMH:

i, +Cu, +Gu =0,

u, + LI, +Ri=0.




3ameuanue. [TomyueHHbIe TenerpadHble YpaBHEHUS SBJISIOTCS MPUOIMKEHHBIMU B paMKaxX TEOPUU
3JIEKTPOMArHUTHOTO TIOJISA, ITOCKOJBbKY OHUM HE€ YYHMTHIBAKT JICKTPOMATHUTHbIC KOJe0aHUS B

cpejae, OKpYy:KaroeM MpoBO/I.

[TomyurM ©3 CHCTEMBI TelerpadHBIX YypaBHCHHH OJHO YypaBHECHHE OTHOCHTCIBHO TOKa |,
npearoaaras, 4To BCE€ BBEJACHHBIE KOI(DPUIMEHTHI SBISIOTCS TMOCTOSHHBIMHA, TO €CTh IPOBOI

OJTHOPOJIHBIN.
[IpomuddepeHumpyeM nepBoe u3 TeaerpadHbIX ypaBHEHUM 10 X ixx +Cu o T Gu =0,
a BTOpO€ ypaBHEHHE YMHOKUM Ha C U nnpoauddepeHupyem o t: CU ¢ T CLl Rl =0.

Brrunras 3 nepBoro ypaBHEHUs BTOPOE, MOIYUYUM

i +Gu,_—CLi, —CRi, =0.



IToxcrasus B nonydennoe ypasuerne U, = —LI — RI, momyunm ypaBrenue mwis cuist Toka:
i, =CLi, +(CR+GL)i, +GRi.

AHaJIOTHYHO TOJTy9aeTCsl ypaBHEHUE T HanpsokeHus (muddepeHmpyeM BTopoe ypaBHEHNE 110
X. mepBoe yMHOxaeM Ha L, nuddepenuupyem no t u Berauraem u3 npoaudHepeHImpoBaHHOTO 10 X

BTOPOIO):

u, =CLu, +(CR+GL)u, +GRu.

YpaBHEHUS 1T CUJIBI TOKA M HANIPSIKEHUS] HOCSIT Ha3BaHKE TeJlerpadHbIX YPaBHEHUM.

Eciu MoxHO pere6peus notepamu depes momiuio (G = 0) u ecnu conpoTusieHne oueHs

MaJIo (R ~ O), TO MBI IIPUXOAUM K YPaBHECHHIO KOJICOAHMIH:

1

=

2. 2
l, =al,, U =alU,, a=



PaccMoTprM Ha4alIbHO-KPAEBBIC 3a/1a49M JIJISI ONPEICICHUS CUIIbI U HAITPSIKEHUS IEPEMEHHOTO
TOKa, UIYIIErO BI0JIb TOHKOTO OJTHOPOIHOTO MPOBOAA C HEMPEPHIBHO PACTIPEACICHHBIMU I10 JJINHE
napametrpamu. I10CKOJIbKY MPOBOJ SABIISIETCSA OJHOPOJHBIM, TO 3HaYeHMs nmapameTpoB R, C, L, G He
3aBHCAT OT TOTO, B KAKOM TOYKE MBI 3TH ITapaMeTpbl paccMarpuBaeM. IIpeamnonaraem, 4To 3a1aH
HAYaJIbHBIA TOK | (X, O) = gp(x) Y HAaYaJIbHOE HaNpsHKEHUE U (X, O) = f (X) PaccmoTpuM paznuyanbie

BUJIbl TPAHUYHBIX YCIOBUM.

a) JIeBbIif KOHEIl MPOBO/Ia 3a3€MJICH, a K IIPaBOMY IIpUJIOKeHa 3.1.¢c. E (t) )

u,, =CLu, +(CR+GL)u, +GRu, xe(0,1), te(0,),

u(x,0)=f(x), ut(x,O):_Gf(Xz:_gp’(X), xe(0,l),

u(0,t)=0, u(l,t)=E(t), te(0,).

N

.



3ameuanme. JIj1s1 1ogydeHHUs: BTOPOro HAYaJIbHOTO yclioBus st GyHkuuu U (X, t) HEO00X0AUMO

BOCIIOJb30BATHCA BTOPBIM YPABHCHHUCM CHUCTCMbI TCJIGFpa(I)HI)IX ypaBHeHHﬁ, 3alIucaB

0 (%,0) = —iX(x,O)C—:Gu(x,O)’

d TaK)KC Ha9aJIbHBIMHU YCIIOBHUSIMUA
1(X,0)=p(x), u(x,0)="f(x).

IIpu 5TOM, 4TOOBI BOCIONB30BATHECS BTOPBIM TenerpadHbeiM ypasHeHueM B Touke [ = 0 myxnO
IIPEeNONOKHUTh, 4To 3T0 ypaBHeHue Boimonaserca npu T = (. Ho B onmpenenennn KiaccH4ecKoro

peenust TpedyeTcst, YToObI ypaBHEHHE BEIIOIHAIOCH TOJILKO HA OTKPHITOM monymnpsamoii: T € (O, OO).

[ToaTOMY MBI paCIIAPSIEM IIOHSATHE PEICHMSI, CIMTAs, YTO YPABHEHHS BBIIOIHIIOTCS pu [ € [O, oo),



b) ITocTaBUTh HaYaTLHO-KPACBYIO 3aa9y 00 DIEKTPUYSCKUX KOJICOAHHSIX B  IIPOBOJC C
IIPEHEOPEKMMO MaJILIMU COITPOTHBIICHUEM M YTEUKOM, €CJIM KOHIIbI ITPOBOJIA 3a3€MJICHBI: JICBBIN

yepes3 COCPENOTOYECHHOE COTIPOTUBIICHUE Ro , a TIPABbIN Yepe3 COCPEAOTOUEHHYIO EMKOCTD CO.

HauanbsHo KpaeBas 3ama4a Jiyisl CHCTEMBI TeaerpadHbIX ypaBHeHUN Ipd R ~ (0, G =~ (0 HMeer

CJICIYIOIINN BU;

u, +Li, =0, i, +Cu, =0, xe(0,l), te(0,,),

u(x,0)=f(x), i(x,0)=¢(x), xe(0,l),

—u(0,t)=Ryi(0,t), Cpv (l,t)=i(l,t), te(0,00).

N

3ameuaHnue. rpaHI/I‘IHBIe YCJIOBU ITOJIYHAXOTC U3 COOTHOH_IGHI/I}I

AV = R|+L J.Id'[




C noMOIIbIO TAaHHOTO COOTHOIIIECHUS ONPEACIISETCS MaJeHUE HANPSDKEHUS IIPU IIEPEXOIE uepes
TI0CJIE0BATENbHO BKIIOYEHHBIE COCPENOTOYEHHBIE CONTPOTHBIEHUE Ry, camonaaykumo Ly n

émrocts C,. Hampumep, st korna X = 0 nposoga umeem 0 —U (O,t) =R, (O,t), te (0, OO),

rme 0—u (O, t) 03HAYaeT Pa3HOCTh MOTCHIIMAIOB 3eMIU (MIPUHUMAETCS PaBHBIM HYJIIO) U KOHIIA

pOBOJIA.

I[J'ISI HaIIPsOKCHUS HA9AJIbHO-KPAaCBasd 3a1a4ada UMCCT BU .

( 1
— ’ O’I | t 01 J 2:_1
Xe( ) e( oo) d oL
1

u(x,0)=f(x), ut(x,O)z—Ego’(x), xe(0,1),
Rou, (0,t)=Lu,(0,t), LCyu,(I,t)=-u,(l,t), te(0,).

N\

\



JI1s TOKa HavyanbHO-KpaeBas 3aja4ya UMeeT BU:

L =ai,, xe(01), te(0x), ai= -,

i(%,0)= 0(x), it(x,O):—%f’(x), xe(0,1),

i, (0,t)=CRyi,(0,t), Cii (I,t)+Ci(l,t)=0, te(0,).

N




c) IpaHuyHble yCIOBHS: JIEBBIA KOHEI MPOBOJA 3a3€MJIEH YeEpe3 COCPEIOTOYCHHYIO

CAaMOMHIYKIIHIO Lgl,) a K IIPAaBOMY KOHITy NIPUJIOKEHA  DJICKTPOABMXKYyIIAsA cuia [ (t) yepes

2
COCPENOTOYECHHYI) CAMOUHIYKIIUIO L(0 ). ConpoTHUBIIECHHE M YyT€YKa MPOBOJOB SIBJISIOTCS

IIPEHEOPEIKMMO MaJIbIMHU.

HavanbHo-KpaeBas 3aj1a4a i1 CUCTEMBI TeJlerpad)HbIX YPAaBHEHUN UMEET BU/I:

rUX+Lit:.O, i,+Cu, =0, xe(0,l), te(0,),

u(x,0)=f(x), i(x,0)=¢(x), xe(0,l),

—u(0,t)=LYi, (0,t), u(l,t)—E(t)=LYi (1.t), te(0,»).

N




-

I[J'ISI HaIIPsDOKCHUA HAYAJIbHO-KpacBas 3ala4a UMCCT BU/:

u, =a‘u,, Xe(O,I), te(O,oo), azzé,
u(x0)= f (x). ut(x,O)z—égo’(x), xe(0,1),

LW, (0,t)—Lu(0,t) =0, LPu, (I,t)+Lu(l,t)=LE(t), te(0,).



JI1s TOKa HavyalbHO-KpaeBas 3aja4ya UMeeT BU:

(- - 1
— : y O,I y t O, , 2:—’
L. = a’l XE( ) e( oo) a o

(x,0)=p(x), i,(x ):—%f'(x), xe(0,1),

cLYi, (0,t) =i, (0,t), CL?i, (1,t)+i (1,t)=-CE'(t), te(0,).

>
()




d) I'parnanbIe ycmoBHs: 00a KOHIA TPOBOJIA 3a3EMIJICHBI YE€PE3 COCPEAOTOUCHHBIE COPOTUBIICHUS.
ConpoTUBIICHUE U YTE€UKA ITPOBOJIA HE SBIISIIOTCS MPEHEOPEIKUMO MaJIbIMHU.

HauanbHo-KpaeBast 3aa4a i1 CUCTEMBI TeJlerpad)HbIX YPABHEHUN UMEET BU/L:

U, +Li +Ri=0, i +Cu, +Gu=0, xe(0,1), te(0,),
u(x,0)=f(x), i(x,0)=¢(x), xe(0,l),
—u(0,t)=RMi(0,t), u(l,t)=R{i(1,t), te(0,00).

J/\




I[J'IH HaIIPsDKCHUA HAYAJIbHO-KpAacCBasi 3ala4a UMCCT BU

u,, =CLu, +(CR+GL)u, +GRu, xe(0,1), te(0,),

u(x,0)=f(x), ut(x,O)z—_G]c (X)_q)’(x), xe(0,1),

C
] L R
UX (O,t)—@ut (O,t)—@U(O,t) — O,
L

X u(L,t)=0, te(0,).

u, (I, t)+—u, (L, t)+ g
0

R?)

\



JI1s TOKa HavyalbHO-KpaeBas 3aja4ya UMeeT BU:

i, =CLi, +(CR+GL)i, +GRi, xe(0,1), te(0,),

i(x,0)
i (0,t)-CRYi (0,t)-GRYi(0,t)=0,
(1,t)+CRi (1,t)+ GRIi(1,t) =0, te(0,).

o(x), i (%,0)= ‘R¢(X)L‘ "0 xe(o)

i
L X



7) YpaBHeHMSI MAJIbIX AaKYCTHUYECKHUX KOJIe0aHUH B CILUIOIIHOM Cpe/e

Bo MHOrmx 3amadax ra3oJlMHaMHK{ T'a3 MOKHO pacCMaTpyBaTh KakK CIUIONIHYIO cpeny. llpu stom,
roBopsi 0 OECKOHEYHO MajoM oObeMe, MPeanoJaraercs, 4ro o00beM MaJ M0 CPABHEHHIO C
XapaKTePHbIMHM pa3MepaMH CHCTEMbI, HO COMEPKHT O4YeHb 00JibIOEe Y0 MoJekyJ. Korma
TOBOPSAT O JIBUKCHUHU YaCTHUIIBI Ta3a, TO UMEIOT B BUJY, HE JBW)KCHHUE OTIEJIBHON MOJICKYJIBI ras3a, a
CMEIIICHUE DdJIeMeHTa 00beMa, COAEpPXKAIIEero MHOIO0 MOJIEKYJ, HO KOTOPBIM B Ta30JUHAMHKE

paccMaTpUBACTCS KaK TOUKA.

[TycTh ra3 ABHXKETCSA O CKOPOCThIO \/ ( M ,t) = V(x, Y, Z, t) , MPOEKIIMK KOTOPOH Ha OCH
KoopauHar 06o3HauuM V., V,,V, OtmeTnM, uto ( M ,t) ecTh CKOPOCTB ra3a B JaHHOU Touke M

IIPOCTpPaHCTBa U BpeMeHH .



Taxum 00pa3zoM ckopocTh V(M .t) OTHOCHUTCSH K OIIPEAEIEHHBIM TOUKaM IIPOCTPAHCTBA, a HE K
] 2

OIIPCACICHHBIM YaCTHUIaM I'a3a, IICPCMCIIAIOIMICMCA B IIPOCTPAHCTBC.

BBoauM: ,0( M ,'[) IJIOTHOCTB Traza, P ( M ,t) - naBnenue, F (I\/| ,t) - IJTOTHOCTDH BHEITHUX

JNEUCTBYIOIUX CUJI, PACCUUTAHHBIX HA €AUHUIY MACCHI.
BBeaeHHbIe HAMU KOOPAUHATHI HA3bIBAKTCH KOOPAMHATAMU Jiljiepa.
YpaBHeHMe ABMKeHNs ra3a.  BrigeauM ssieMeHTapHbIA 00beM ra3a AV ¢ CpaHULIE AS .

Hcnons3ys hopmysibl OCTpOrpajcKkoro, paBHOACHCTBYIOIIYIO CHJI IABJICHUS NPUIIOKCHHBIX K

IMOBEPXHOCTHU AS MOYKHO 3anucarh CJICAYIOIMUM 00pa3oM: — j pnda = — j grad P dV,
AS AV

rae 1 - eAMHUYHBIA BEKTOp BHELIHEH HOpMaH K moBepxHoctd AV .



3ameuanue. Dopmysibl OCTPOrpajiCKOro UMEIOT CICAYIOINNA BUL:

op
pcos(n,x)do = | =—dV,
Lpoos(nde= |5
j pcos(n,y)do = j@dv
AS AV ay

op
pcos(n,z)do = | —dV.
Lposere= |

Tockonbky PN = pcos(n,x)i+ pcos(n,y)j=pcos(n,z)k, rae i, J, K—emunmamie
BEKTOPHI OPTOHOPMHUPOBAHHOTO 0a3rca, T0, YMHOXKas MEPBYIO (OPMYIy Ha BEKTOp |, BTOPYIO Ha

BEKTOD |, @ TPETHIO Ha BEKTOp K M CKIIaJIbIBast, TOIYIUM (HOPMYITY

—J' pnda:—j grad p dV.
AS AV



YpaBHeHHe ABMKEHHUA 11 00bema razany

jp—dv = J'grad P dV+j,oFdV.
AV AV

oV

IIpy BBIYKCIIEHUH YCKOPEHUA (Ot HEKOTOPOW YACTHUIl ra3a HYKHO Y4eCTh nepeMelieHue caMmou

ITOU YACTULBI. TPACKTOPUU OTAECIBHBIX YACTHUIL] ONPEACIAOTCI YPABHEHUSIMU
OX oy 0z
_:VX, _:Vy! _:VZ,
ot ot ot

OTKyZJa

dVv GV av dx oV dy oV dz
dt o 8x dt oy dt oz dt

NN v, +ﬂvy +ﬂvZ =ﬂ+(VV)V
ot oX oy 0z ot




Omneparop V'V omnpenensercs ciaeayonmm o0pa3om

VvV :vxi+v £+VZ£.
ox Yoy ‘oz

IIpenmnosnaras, 4To (PYHKIMHU, BXOISAIIME B HUHTErpajbHyI0 (QOpPMYIy, SBISIOTCS  JIOCTATOYHO
IJIaJIKUMU, IPUMEHSIS (POPMYJTy CPEIHETO 3HAUYCHUS U MEPEXOs K Mpeaey, CTATUBast 00bEM B TOUKY,

MOJIyYM YPABHEHHUE IBUKEeHUA ra3a ¢popme Jujiepa

V,+(VV)V = 1 grad p+F.
yo,



YpaBHeHUEe HENPEPBIBHOCTH. BhIpakaeT 3aKOH OXPAaHEHHUS BEIIECTBA. ECIIM B BBIACIIEHHOM
o0beMe AV OTCYTCTBYIOT HCTOYHHKH M CTOKH TeIlIa, TO H3MCHEHHUE B SIMHHITY BPEMEHH KOJIMYCCTBA

rasa, 3aKJII0U€HHOTO BHYTPH BBIJICJICHHOTO 00bE€Ma, paBHO MOTOKY T'a3a 4yepe3 rpaHully.

pdV = —J. oVndo.
AS

[IpeoOpasys npaByro 4acTh no popmyiie Octporpaackoro — [ 'aycca

| pvndo = [ div(pV)av,
AS AV

|

AV

IOy 9HM
(%—erdiv( pV)jdV 0.



[Ipumensis GopMylly CpegHEro 3HAuY€HUsT W Mepexoisd K Tpeaeny, IOoIydYuM YpaBHEHHE

HEIIPEPHIBHOCTH 2_/1-) n diV( ,OV) = 0.

TepmonuHaMuYecKoe ypaBHeHHe cocTostHusA. B nanboiee obiieM Buie umeer Bug P = C ( ,0) ,
e C ( p) - 3aaHHas (DYHKITHS.
B pesynbrare moaydaercs 3aMKHYTasl CHCTeMa U3 IATH CKaJSIPHBIX YPaBHEHUM OTHOCHUTEILHO IISTH

HEU3BECTHBIX QyHKIMH V,, ViV, P, 0 — cucrema ypaBHeHU# ra30B0il TUHAMHUKH

-

oV 1
“ +(VV)V=F-=grad p,
~ +(VV) pgra D

op .
—+d V)=0,
~ iv(pV)

p=C(p).

J\




KonebarenbHbie ABHKCHHA Ia3a ¢ MaJIbIMH aMINNIUTYAaMHU HA3bIBAIOTCA 3BYKOBbIMHA BOJTHAMM. B

KaXXJ0W TOYKE 3BYKOBOM BOJIHBI IIPOUCXOAUT IIOTIEPEUYHOE CKATUE U PA3PEIKEHUE ra3a.

B cuny Manocty kone0aHui B 3ByKOBOM BOJIHE CKOPOCTh \/ HEW Maja, TaK YTO B MEPBOM

oV

YpPaBHEHUHU CUCTEMbBI MOKHO IPEHEOPEUh YJICHAMH BTOPOTO MOPSAIKA BUA V, X T

OX

OTHOCHUTEIBbHBIC U3MEHCHUS IIOTHOCTHU U JAaBJICHUA I'a3a TAKXKC MaJlbI. ITonoxum:

P(M,t)=p,(M)+D. p(M,t)=py+p, PPy, P < py.

3neck p,(M),p,(M) - PaBHOBECHbBIC 3HAYCHUSI [IABJICHUS U IIOTHOCTH ra3a, a BETNYUHbI
p(M,t),p(M,t) - HX H3MEHEHUS B 3ByKOBOH BOJIHE.

Bennunna ﬁ( M ,t) HA3bIBACTCA 3BYKOBBIM IABJICHUEM.



JInuHeapu3oBaHHasi cucTeMa ypaBHeHHuii. [IpeneOperas B cucreMe ypaBHEHMI ra30JuHAMUKH

YJIeHAMH BTOPOTO TIOPSIIKA, OTYYHNM JTHHEAPU30BAHHYIO CHCTEMY YPaBHEHHI Ta30IHHAMUKH.
®Oynkimo C(£) pasnokum B psji [0 CTENEHAM O | y4TEM dlleHbI TIEPBOTO TOPSIKA:
P, +Pp=C (,00)+C'(p0),5. Tak kak Py = C(,Oo),To p= C’(P),B-

3aMKHyTasi CUCTEMa MaJIbIX aKyCTUYE€CKUX KOJICOAHUN B CIUIOIIHOM Cpe/ie UMEET BU:

Po a@—\'[/ =—grad p+ p,F,

op .
—+d V)=0,
= iv(o,V)

N




YpaBHeHHE BTOPOIo NMOPSAKA OTHOCUTEILHO pyHKuMu p. IIpoguddepenunpyem BTopoe

ypaBHEHHE CHCTEeMBI TI0 t: P, + div( oV, ) =0 wunoxaeiictByeM oneparopom div Ha mepBoe

ypasuenue cucremsr: div( p,V, ) = —div grad p+div(p,F).
W3 TpeThero ypaBHEHHUS CUCTEMBI B IMHEHMHOM IIPUOIMKEHUN MOJTYUHUM:

grad p=C'(p,)grad p.

O6o3HaYuM K ( M ) _ C,(Po )’ f (I\/I ,t) _ —diV(,OOF) . Torma u3 Tpex NOCACIHNX YPaBHCHUU

N0JIy4YaeM ypaBHEHHE BTOPOTO MOPSAIKA OTHOCUTEIBHO (PYHKIIUH ,5( M ,t) :
p, =div(k(M)gradp)+ f (M,t).

DTO ypaBHEHHE SBJISECTCA YpaBHEHHUEM KOJeOaHUI B TpeXMEepHOM cirydae. OHO 4acTo Ha3bIBAeTCs

YPABHEHHEM aKYCTHUKH.



v

Yo,

B cnydae agnabarudaeckoro mpoiiecca YPaBHEHUE Ta30BOTO COCTOSHUA UMEET BUIL: ) = [ | ~—
_“p
[ TIOCTOSIHHASL § - TIOKa3aTelb amuabarel, ) = »C, - TemI0eMKOCTh IIPH MOCTOSHHOM Po
AaBjieHUH, C, - TEIJIOEMKOCTh IIPH MOCTOSIHHOM 00BbEME.

JIuneitHoe mpuOInKEHUE: ,

P=Py+P=P £ = Py 1+7£ ,
Lo Lo

— Po P, (M)
OTKyJ1a =y—p, u kK(M)=y———=.



8) JImHaAaMHKA HeC:KUMAaeMOH KHAKOCTH

HOJ’IY‘IGHH&H CuCTcMa ypaBHeHI/Ifl rasOAMHaMHKH OIIMCbIBACT HC TOJBKO AWHAMHKY Ia3d, HO H
ABUKCHUC KHUIAKOCTHU, TO CCTb IABJIKICTCA H CHCTEMOH ypaBHeHnﬁ I'NAPOANHAMMUKMU. EYI{GM
pacCMarpuBarb HACAJBHYH KHJIAKOCTb, TO €CTb KHIAKOCTbL, B KOTOpOﬁ OTCYTCTBYHOT CHMJIbI

BHYTPEHHE! BA3ZKOCTH.

B ciyyae onHOpOIHOM cpenbl p = p, = CONSt HECIKUMAEMOM KUIKOCTH YPAaBHEHUSA UMEIOT BUA:

OV 1
—+(VV)V=F-—Vp,
¢ ot ( ) Po i
kdiv(V):O.

ITocnennee YPAaBHCHHUC CCTb YCJIOBHEC HCC)KMMACMOCTH, TO €CTbh YC/JIOBHEC COXPAHCHHC o0beMa

JKUIKOCTH.



HYCTB BHCIIIHAA CUJIA ITIOTCHIHNAJIbBHAA

- 1y,

Lo

rne U (X, Y, <, t) - HEKOTOpas CKaJsipHas (PyHKIUS, U PaCCMaTPHUBAETCS MTOTCHIIMAIBHOE IBUYKCHUE
KHUJKOCTH, 11 KOTOPOTO BEKTOP CKOPOCTH V mosker GbITh TaKKE MPEACTABIICH B BUJIC TPAAUECHTA
10 TIPOCTPAHCTBEHHBIM IMEPEMEHHBIM HEKOTOPOH CKasipHOM GyHKIH D ( X, Y,Z, t), Ha3bIBacMasi

MMOTEHIUAJIOM CKOPOCTEM,

V=VO.

IIepBo€ ypaBHEHHE CUCTEMBI IPUOOPETACT BU/T

v Ly (vov)ve+ Lvu =0

ot p Po



C OMOIILI0 OYCBHIHOIO PABEHCTBA (VCDV) VO =V (%|VCD|2 j :

[OCJICTHEE YPABHEHUE MOYKHO IEPETUCATh B BUIE v{@d) 1 |vq)| iu +i p} -
ot Po Po
OTKyJIa nojrydaercs uarerpaJj bepuyaian-Komm ob 1 1 1
—+—|VCD| +—U+—p=C(1).
ot Po Po

C nomoipro unaterpaia bepaynnu-Komu naBnenue p (X, Y, Z, t) OIIPEAEIACTCA Yepe3 MOTECHIAT
CKOpOCTEN CI)(X, Y, Z, t) C TOYHOCTBIO JI0 MPOU3BOJIbHON PyHKIIMU C (t) OJIHOM Y TOM K€ JIJI1 BCETO

00BEMA KUIKOCTHU.

Jlns noterrmana D u3 Broporo ypaBHeHHS crcTeMsl TonydaeM ypasHenue Jlaniaca:

div(V)=div(V®)=0 = AD=0.



HNurterpan bepnyiumm-Koum n ypaBHeHue Jlariaca onmmchIBarOT JAaHHBIA KJIACC MMOTEHIINAIBHBIX

NIBUYKEHUM UIeaJIbHON HECKUMAEMOU KUIKOCTH.

J{1 0OTHO3HAYHOTO ONpEACICHUS NOTEHIMAIa CKopocTer ypaBHeHUEe beprynnu-Komuy HykHO
JTOTIOTHUTh Ha4aJIbHBIMU U TPAHUYHBIMM yCIOBUSAMU. Eciiv cTeHKa S TBepjasi, TO €CTECTBEHHOE
IPAaHUYHOE YCJIOBHE PABEHCTBA HYJIFO HOPMAJIBHOW COCTABIISIFONICH CKOPOCTH MPUBOJIUT K

OJIHOPOAHOMY I'PaHUYHOMY YCJIOBHIO BTOpOro poja (ycioBuro HelimaHa):

oD

— =0, te]0,),
= [0,c0)

rae [ - BEKTOpP HOPMaJIM K MMOBEPXHOCTH S.

Ha cB000OIHOM MOBEPXHOCTHU KUJIKOCTH TPAHUYHOE YCIOBUE CTAHOBUTCS TOpas3io 00Jiee CI0KHBIM.



HyCTB B paBHOBCCHOM COCTOSHHHA CBO6OI[Ha${ IMMOBCPXHOCTH KUJKOCTH COBIIAAACT C INJIOCKOCTBIO Z = 0

JICKAPTOBOM MPAMOYTOJIbHONW CUCTEMBI KOOPIMHAT (X, Y,Z ) . Torpa B nporecce IBMKEHUS CBOOO HAS

MOBEPXHOCTh KUJKOCTH OYAET OMUCHIBATHCS HEM3BECTHOM PyHKIMEH Z =177 ( X, Y, t). ['pannuHbIE

YCJIOBUSI Ha 9TOH MIOBEPXHOCTH JOJDKHBI yCTAHABINBATH CBS3b MEXKAY QYHKUMAMU 7 ( X, Y, t) 17|

(D(X, y’t)| - Tak kaK Ha CBOOOIHOM MOBEPXHOCTH (PYHKIUS g(X, Y, Z, t) =7 (x, v, t) —z=0,

z=1(X,Y.t)
TO OyZIET paBHO HYJIIO U €€ MOJIHAs HpOI/IBBOI[HEiSI 0 BpEMEHHU
dg:8g+8g dx+5g dy+8g dz 0
dt ot oxdt oydt oz dt

, TO IIOCJICAHCC YPABHCHUC IIPUHUMACT BUI:

0 o
[Tockoiibky V:{OX oy 82} T 5 — n

ot ot ot ot



on
L i\VVe=0.
ot J

VYuaureBas, uto V = VO, nepBoe (KHHeMaTHYeCKO€) YCJIOBHE HA CBOOOTHOM MOBEPXHOCTH

IMPUHUMACT BU]]

{8—77+CI)X77X+CDy77y—CDZ} =0, tel0,x).
ot z=n(X,y,t)
Bropoe (1uHaMu4ecKoe) ycaoBue noayuyum u3 uarerpana bepaymum-Komu. bygem paccmarpusars

CJIy4ain, KOrJa BHEITHEW CHJION SIBJISIETCS CUJIA TSHKECTHU. Torma moTeHIal BHEIIHEW CUITbI UMEET BU]L

U = 0z, rne g — ycxoperne cuisl TskecTH. YCIOBHE paBeHCTBA IABICHHS KUIKOCTH HA CBOOOIHOI

MIOBEPXHOCTH 3aJlaHHOMY BHELIHEMY JaBJICHUIO (HanpuMep, arMochepHomy) P, (X, Y t)‘z—n(x 1)’

HCTIOJIb3ys nHTerpan bepnyiumm-Komnm, MOXKHO 3anmucarh B BUAE



ob 1 Po
VO +—77 X, Y,1 = X,Y,Z,1
{@t Zvol + L >} s oo

BaMCTI/IM, 4TO ITOJIYYCHHOC YCIIOBHUC OKA3bIBACTCA HeHHHeﬁHBIM, 9TO CHJIBHO YCIIOXKXHACT PCIICHHUC

COOTBCTCTBYIOIIHUX 3a/1a4.

KpOMe I'PAHUYHBIX YCJIOBI/Iﬁ JTOJIZKHBI OBITH IIOCTABJIEHLI HAaYaJIbHEBIE YCJIIOBHAL.

®(x,Y,2,t)|_ =Dy(xy,2),
7(%Y.t)|_, =7 (X ¥:1).



9) MaJsble mpoa0JibHbIE KOJIEOAHUA ra3a B TPyOKe

[TycTh 3aKJIFOYEHHBIN B LIUIMHIPUYECKOU TPYOKE HIealbHbIA Ta3 COBEPIIACT MaJIble MPOJ0IbHbIC
kosicOanus. CaesnaeM cjeayronue nMpeanoao:keHns: 1) nonepeyHbie CEYEHUsl, COCTOSIINE U3

JaCcTHI] Ta3a, He 1e(hOPMHUPYIOTCS; 2) BCE YACTHUIIHI ra3a IBUTAIOTCS MApaIUICIFHO OCH IIMIHHAPA.
IIpu onucanuu npoiecca KojaedaHui raza 0OyaeM HCI0JIb30BaTh NepeMeHHble Jlarpan:ka.
BBenem cieayromme 0003HAUCHNUS
yo, ( X, t) — IJIOTHOCTH raza, P ( X, t) — JIaBJICHHE Ta3a, ¢ ( X, t) — TIOTEHIMAaJl CKOPOCTEM rasa,

V(X,t)— CKOpOCTh I'aza, U (X, t) — MPOJOJBbHOE OTKJIOHEHHWE YaCTHI[ Trasa, S — IJIOIIadb
CEUYECHHUS TPYOKH.

[Iycte Py U Oy - JaBICHUE U IJIOTHOCTHh B HEBO3MYILIEHHOM COCTOSIHHUH, a ﬁ(X, t) U ,5(X, t) -

BO3MYILEHUS JABJICHHS U IUIOTHOCTH: ﬁ(X,t) = p(X,t)— Po> ,5(X,t) = ,O(X,t)—,OO.



Jlns1 onricaHus mporiecca KojaeOaHus raza B Tpyoke MOXHO BOCIIOJIb30BaThCsl IEPEMEHHBIMU DWiiepa, uin
nepemMeHHbIMM Jlarpanka. HamoMHuM, 4TO B MEpeMEHHBIX Oiiepa Kaxaas (u3Mdeckas TOYKa CTEpP>KHS B
pa3HbIe MOMEHTBI BPEMEHHU XapaKTepusyeTCsa koopauHaroit X(t). B mepemennsix Jlarpamka kaxas Gpuandeckas
TOYKA CTEPKHS B TEUEHUE BCETO IPOIECCA XAPAKTEPUIYETCA OJHOM U TOU KE T€OMETPUUECKOM KOOPIAUHATOM X,

KOTOPYIO 9Ta TOYKA UMCJIa B ITOJIOKCHHUN PABHOBCCHAI.

dusznyeckas Touka, 3aHMMaBIlasi B Ha4aJbHbI MOMEHT (B COCTOSIHUM PaBHOBECHS) IMOJOXKEHUE X, B JIFOOOH
NOCJICTY IO MOMEHT BPEMEHHU HAaXOAUTCS B TOUKE ¢ KoopauHaTol X=x+U(x, t), rme X — mepeMeHHas Diiepa.

CBs13p Mex 1y iepeMeHHbIMU Jlarpamka u Dinepa umeet Bua: x=X+U(X,t).

B npenpinymux paszaenax Mbl IOJIYYHJIM CUCTEMY YPaBHEHUM Ta30BOM JIMHAMHUKH B (opMme Dinepa.

[lonyunMm Temepp CHUCTEMY YpaBHEHUW Ta30BOM JAWMHAMHUKM (ypaBHEHUE JBWIKCHHMS Tas3a, YypaBHEHHE

HEMPEPHIBHOCTH, TEPMOJIMHAMMUYECKOE YPAaBHEHHUE COCTOsIHUS) B opme Jlarpanxka.



YpaBHeHue ABUKEeHU ra3a B ¢popme Jlarpanxa

JInst monydeHusT ypaBHEHUsI JABWKEHUSI Ta3a HCIOIB3YEM 3aKOH 00 HM3MEHEHMH KOJIMYECTBA
nBwkenns. HampaBum ock OX Bonb ocu TpyOku. Cuitoii naBieHus |9 Ha3pIBaeTCS MPOEKIHS Ha OCh
Ox cuibl p, C KOTOpOﬁ 9aCTb I'a3a, JICKallada IIPpaBCC BBIACJICHHOI'O CCUHCHUI, ﬂeﬁCTByeT Ha 4aCTb
rasa, JIEXKallyr JICBEC BBIJCICHHOTO CeUYeHUs. BhiaeauM ydacTok TpyOKH, pacIOIOKEHHBIA MEXKITY
CECUECHUSIMU X 51 X+ AX . MI3MeHeHHne KoJnuecTBa ABHKCHHUA BBIACJIICHHOI'O YHACTKa PaBHO
UMITYJIBCY JTEHCTBYIOMICH CHIIBI (S — IJIOMIAIb CCUCHUS TPYOKH):

X+AX
S j (&, t+At)y, (&,t+At)— p(&,t)u (&1))dE =

t+At

=—S ‘! {p(X+AX,T)— p(X,T)}dr



[Ipennosnaras, 4To BXOAAIIME B IPEALIAYITYI0 Gopmyiy QyHKIMH 001aat0T JOCTAaTOYHOM

rmagrocteio  ( p(X,t) eC[x, x+Ax], u(xt) eC(Z)[X,X+AX], p(X,t)eC(l)[X,X+AX] ),
NPUMEHHM (OPMYITY CPEXHETO 3HAYCHHSL:
S{p(X,t+At)u (X,t+At)— p(X,t)u (X, t)} Ax==S{p(x+Ax,7)- p(x7)}At,
me X e|x,x+Ax|, teltt+At].

PaznenuM B ocnenHeit gpopmyie o6e gactu Ha npomseenenne AX At u mepeitnem x npeneny npu

AX— 0, At — 0. B pesynbrare nojiyuuM ypaBHEHHE ABUKECHUS raza B popme Jlarpanxa:

0

0 ou (x,t) _8p(x,t)
ot

1 _ |
Pt — ot




YpaBHeHue HenpepbIBHOCTH B hopme Jlarpanxa

BbigenuM y4acTok TpyOKu Mexy ceueHusiMu X u X+ AX. Macca raza M, saxmrouennas
MEKTY BBIJICIICHHBIMHU CEUEHUSIMU, HE U3MEHSETCS C TEUCHUEM BPEMEHU. B MOJI0KEHNM PaBHOBECUS

M = SAXp,. Paccmorpum MomeHT Bpemenn L. JIeBoe ceueHue 3aiiMeT MONOKEHHE X + U (X, t) a

paBoe X+ AX+U(X+AXx,t). Ecmm X - mepemenHas Jlarpamka, a &£ = X—|—U(X,t) -

nepeMenHas Jiisepa, To MaTerpupys no & u nmpuMenss GopMyIry CPEIHETO 3HAYEHUSL. MIOITYIUM

X+AX+U(X+AX,t) X+AX+U(X+AX,t)
M=s [ p(xt)dé=s [ p(&-u(xt)dé=
X+u(X,t) X+u(X,t)

=Sp(&-u(X,t),t)Ax| 1+ U(XJ“AX’At)Z‘“(X’t) |




T7e

& e(x+u(x,t),x+Ax+u(x+Ax,t)), X=¢&—u(X,t) e (X, X+Ax).

Taxkum o0Opazom, moydaem

SAXp, = Sp(Y,t)Ax(1+ “(”Ax’t)‘”(x’t)].

AX

[Tepexons k ipeaeny npu AX — () , IOJIy4uM YpaBHEHHE HEpPa3spbIBHOCTH B  (opme

Jlarpan:xa

Dy = p(x,t)(1+ u, (X,t)).



TepmonunaMmuyeckoe ypaBHeHHE COCTOSIHUS

K moay4eHHBIM ypaBHEHUSIM HEOOXOIMMO JOOABHUTh TEPMOJIMHAMUYECKOE YPAaBHEHUE COCTOSHUS
(YpaBHEHHE Tra30BOro cocTosiHus). byaem npeanoarare, 4To Mpoiecc KojaedaHus raza B TpyOke
POUCXOAUT 0€3 TEII000MEHA C BHEIIIHEH CPEIOH, TO €CTh SIBIISICTCS aJiMadaTUIECCKUM. YpPaBHEHHUE

4 C
anuabdaTel UMEET BUI: P = P, Lﬁj , THE )V = C_p - TIOKa3aTelIb agua0aTkl.
Lo

v

IHosHas cucremMa ypaBHEeHUH ra3oBod JTUHAMUKY B popme Jlarpan:ka nmeer cjaeayrOmuil BUI:

(p(xt)u (x1)) =—p, (1),

o

/4

po = p(xt)(1+u,(x,t)),
Cp

1,
p(x ) Po o Y C.




ITonydyeHHast cucTeMa ypaBHEHUM ra30BOM JUHAMUKU B (popme JlarpaHka siBJIsieTCA HeJIMHEeHOM
cucTeMOM. B mipe/inoio;keHuy MaJIOCTH KoJIcOaHUI MPoBeaeM ee JJUHeapu3amuio (0TOpackiBaeMble

QJICHBI OTMCYCHBI KPACHBIM HBGTOM).

a) p(Xt)=py+p(Xt)= py =+ A (X, 1)) (14U, (X,1)) = o + o+ Poll, + AU, =
p(xt)+ pu, (x,1)=0.
O p(xt)=py+B(x1), p(xt)=B(xt), p(xt)=pe+p(x1), p(xt)=p(xt)=
pU +pu. =—-p, = pu + p,U, +puU, =-p, =

Poly (X’t) =— P, (X’t)'



B)

~ ~ Y ~ 1\ p
,O(X,t) _ Lo +p(X.t) —14 p(X,t) j(ﬁj :[]_4-&) ;1+7/£:>

Lo Lo Lo £ £ £
’ ~ . 5(X,t)
= D= ﬁ = 1 ﬁ — + £:>~ X1t :}/p p( ’ )
p—po+p—po(poj —po(+7p0] o mpo p(x,t)=yp, p

TMonaras 8% = 14 % , HOJyYHM r) ( X, t) =a° ,5 ( X, t). JInHeapu3oBaHHAN cHCTeMA:
0

A(x1)+ pu, (x,1)=0,

1 Pol (X1t) = —f)X(X,'[),

Ij(X’t) = azﬁ(X,t), a’ = 7/&
) Po




YpasHenus g5 pynkumii O, P, @, V, U.

N3 nmuHeapru30BaHHOK CUCTEMBI YPABHEHUN T'a30BOU JUHAMUKHA MOYXKHO IIOJIYYUTh YPABHECHUS IS
bynkuuii o, P, ¢, V, U. IlokaxxeM, 4TO BCE€ OHU UMEIOT BU] th — a2W
XX *

a) ypaBHEHHUE JJIsI TIJIOTHOCTH Ta3a:

15tt = —PolUyrtr Polix = _pxx — /5tt = r)xx’ pxx = az:5xx —
P =8P, X€(01), te(0,00)

ﬁtt = P l[jxx = Py =
pr=82px, X€(0l), te(0,0)



0) ypaBHEHHE JJIs1 JaBJICHUS ra3a:

B) YPABHCHUC JIsI CMCIICHUS YaCTHII I'a3a.

Lo

/5+/00ux20315x —Polyr  Poly :_rjx__a IOX:>__utt__'OOUXXZ>

a’
Uy =8y, X€(0), te(0,0)



I') ypaBHEHHE JUIs CKOPOCTH Ta3a:

v=u,, U, =a‘u, =

Vg =a%Vy, X€(0l), te(0,00)
1) YpaBHEHHE JUIs IOTEHIIMANA CKOPOCTEii:

2 2 2
V=0, Vg =aV, = ¢, =P, :>(¢tt_a ¢xx)x =0.

Tak xak ¢( X, t) OTPEAEISETCS. ¢ TOYHOCTHIO 10 POU3BONIBHON (GyHKIMHK oT L, TO:

¢, —a’g, =0=
B, =a%dyy, XE(O,|), te(O,oo)_



I'paHuyHbIC yC10BUS

PaccMoTpuM paziuyHble TUIBI TPAHUYHBIX YCIOBUW HA JIEBOM IPABOM KOHIIAX TPYOKH.

a) 3aKPbIThbIe KOHIbI:



0) OTKpPBITbIE KOHIIbI:

Ha KoHIIaX TpyGKH HET BOSMYIIICHIA AQBACHHA:
) p(O,t):pO, p(l,t‘:po, te[o,oo); p(o,t)zo, p(l,t)zo, te[o,oo);
ﬂ)ﬁ:azﬁ:ﬁ:%ﬁ:ﬁp,t):@, ﬁ(l,t):O,te[O,oo);

) ,5+poux:O:uxz—pio,bjux((),t):(), ux(l,t)zO, te[o,ooj;

5) V=U, = V,=U, = VX(O,’[)zO, Vx(l,t)zO, tE[0,00);
£) V=U,=@,, plUyP, = Pody P9, =0 = (oo +P), =0 = oy +p=T (1).

Tak kak f (t) OTpEIENAeTCs ¢ TOUHOCTHIO O MIPOU3BOABHOM (hyHKIuK oT { , To momydaem:



Pt =—0P(0,t)=0=¢,(0,t)=0=¢p(0,t)=A; ¢ (l,t)=0=¢(l,t)=B.

VYuutsiBas cieniupuxy ¢, MOKHO MOJIOXKHUTB:

A=0,B=0= ¢(O,t):O, ¢(I,tj:O, te[O,oo).

B) KOHIIbI TPYOKH 3aKPbITHI NOPIIHAMU:

o) Paccmorpum  meBwiii  koHery  TpyOku. Ilycte mipwm X=0 B TpPYOKYy BCTaBJICH
ra30HEMPOHHUIIAEMBI TOPIIEHEK C MPEHEOPEKUMO Majio MacCo, HACaXEHHBIM Ha MNPYKUHKY C
KO3 PULIHEHTOM KECTKOCTH V U CKOJIB3SIIIIUM BHYTpHU TpyOKku Oe3 TpeHus. [IpyxkuHka OyneT neicTBOBAThH

Ha MOPIICHEK ¢ I00aBOYHOM CUIION yIpyrocTH, paBHou —VU (O, t) IIPU OTKJIOHEHUHU TOPIIEHBKA, PABHOM

U. Peub maer o 100aBOYHOW CHIIE YIIPYTOCTH, TaK KaK B MOJIOKEHWH PABHOBECHUSI HAa TMOPIICHEK YXKE

ICUCTBYET CHJIA yIIPYTOCTH, yPaBHOBEIIUBAIOLIAs HEBO3MYILICHHOE JABICHUE P, .



PaccmoTpuM yuacTok TpyOKHd, JIMHOM ~ AX, paclojOKEeHHbIM MexAy ceueHus MU X =0 1 X = AX.

B ceuennn X = QueiicTByeT cuia yrpyrocta —yu (0,t)+p,S, @aBcedeHnn X =Ax cuia

ynpyroct —p(Ax,t)S.
3anuiieM 3aK0H U3MEHEHHS KOJIMYECTBA JBHKEHHUS BBIICJIEHHOTO y4acTKa TPYOKH IO IeHCTBHEM

CUJI YIIPYTOCTH:

AX

s[ {p(&t+At)u (& t+At)-p(&t)u (41)]dE =

0

t+At

B j {_VU(O’T)Jr Pos — p(AX,T)S}dT.

t



[IpuMenum Kk nocieaHent popmyse GopMyiny CpEeIHErO 3HAYCHUSA !
S{p(X,t+At)u, (X,t+At)— p(X,t)u, (X,t)} AX =
={-vu(0,T)+ p,S— p(Ax,T)S}At.

ITogenum obOe yacTu mociegHero paseHcTra Ha At u mepeiiaem k npeaeny npu At — 0

S(p(Xt)u, (X,t)) Ax=—-vu(0,t)+ p,S—(p,+ P(AXt)S).

Iepetimem k penenry npu AX — 0

0=—vu(0,t)+ p,S — P,S — p(AX,1)S = |’f)(0,t)+%u(0,t):0:>

p(0.1)=-a%u, (0.1) = a” = -2 =~ pu, (0.0) + Lu(0.) =0

Lo



Vv
Sy P,

Pobena: ux (O,t)—hU(O,t):O1 t E[O,OO).

Ha npaBoM KOHIIE aHAJIOTUYHO MOJy4YaeTcsi OAHOPOAHOE yciaoBue PobOeHa:

u,(I,t)+hu(l,t)=0,t €|0,0).

f) Takkak V = U., Towu3 nomydyennbix B nmyHkre @) popmys cpasy CIeayroT yCaoBUs:

[Monoxus h= , TIOJTyYUM OJHOPOJAHOE I'PAHUYHOE YCIOBHUE TPETHETO POJA - YCIOBHE

v, (0,t)—hv(0,t)=0, te[0,),

v, (I,t)+hv(l,t)=0, te[0,:0), h= S




7) MeeM 1ienouxky Gpopmyi:

- 1 . 1 .
u, ~hu=0= Uyt _hutt =0, ptpU, =0=Uy=——p; Py =—Py DUy =——p =
Lo Lo
~ ~ L 2 ~ ~ 2la ~ . 2 Py V | ~
P —hp,=0; p=a’p=p,—a’hp,=0; h=ah=y =—— Pu=Pur Px= P
Po SYPy  SPy

Py NP =0, x=0, te[0,),

Pa+Npu=0, x=1, te[00), h=""

Sp,



0) Takkak p,—hp, =0p=a’p=

ptt_ﬁpxx:O, x=0, tE{O,oo],

p +Np, =0, x=I, tE{O,oo} =V
o



£) Tak kak  Pofh =P, Py — NPy =0= (¢u ~hg, )t =0, TO, yuuTBIBas CBOWCTBA

MOTEHIIMAIbHON (PYHKIIMU ¢, MTOJYYUM TPAaHUYHBIE YCIIOBUSL:

$.—hg, =0, x=0, te[0,0),

hg =0, x=1, te[0,0), h=—.
¢tt+ ¢xx X E[ OO) S,OO
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